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Question 1:

Determine whether each of the following relations are reflexive, symmetric and
transitive:

(i)Relation R in the set A = {1, 2, 3..13, 14} defined as

R={(x v):3x—y=0}

(ii) Relation R in the set N of natural numbers defined as

R={(x yv):v=x+5andx < 4}

(iii) Relation Rintheset A =41, 2,3, 4,5, 6} as

R = {(x, v): vis divisible by x}

(iv) Relation R in the set Z of all integers defined as

R =(x, v): x — yis as integer}

(v} Relation R in the set A of human beings in a town at a particular time given by
(a) R = {(x, v): x and v work at the same place}

(b)Y R = {(x, ¥): x and y live in the same locality}

(c) R = {(x, ¥): x is exactly 7 cm taller than y}

(d) R = {(x, v): xis wife of v}

(e} R = {(x, v): x is father of y}

Answer

fiva=4=-r1 2 3 13 141

Free Pdf Download from Exxamm.com



https://plus.google.com/share?url=https://schools.aglasem.com/3099
https://plus.google.com/share?url=https://schools.aglasem.com/3099
https://plus.google.com/share?url=https://schools.aglasem.com/3099
https://www.facebook.com/sharer/sharer.php?u=https://schools.aglasem.com/3099&t=NCERT+Solutions+for+Class+12th+Maths+Chapter+1+-+Relations+and+Functions&redirect_uri=https://schools.aglasem.com?sharing-thankyou=yes
https://www.facebook.com/sharer/sharer.php?u=https://schools.aglasem.com/3099&t=NCERT+Solutions+for+Class+12th+Maths+Chapter+1+-+Relations+and+Functions&redirect_uri=https://schools.aglasem.com?sharing-thankyou=yes
https://www.facebook.com/sharer/sharer.php?u=https://schools.aglasem.com/3099&t=NCERT+Solutions+for+Class+12th+Maths+Chapter+1+-+Relations+and+Functions&redirect_uri=https://schools.aglasem.com?sharing-thankyou=yes
https://getpocket.com/save?title=NCERT+Solutions+for+Class+12th+Maths+Chapter+1+-+Relations+and+Functions&url=https%3A%2F%2Fschools.aglasem.com%2F3099
https://getpocket.com/save?title=NCERT+Solutions+for+Class+12th+Maths+Chapter+1+-+Relations+and+Functions&url=https%3A%2F%2Fschools.aglasem.com%2F3099
https://getpocket.com/save?title=NCERT+Solutions+for+Class+12th+Maths+Chapter+1+-+Relations+and+Functions&url=https%3A%2F%2Fschools.aglasem.com%2F3099
https://admission.aglasem.com/jee-main-application-form/
https://admission.aglasem.com/manipal-university-application-form/
https://admission.aglasem.com/viteee-application-form/

R T
R={(x y):3x —y =0}

~R={(1, 3), (2, 6),(3,9), (4,12)}

R is not reflexive since (1, 1), (2, 2) ... (14, 14) ¢ R.

Also, R is not symmetric as (1, 3) eR, but (3, 1) € R. [3(3) — 1 = 0]
Also, R is not transitive as (1, 3), (3, 9) €R, but (1, 9) ¢ R.

[3(1) — 9 = 0]

Hence, R is neither reflexive, nor symmetric, nor transitive.
(IR={(x, v:y=x+5andx <4} ={(1,86),(2,7), (3, 8)}

Itis seen that (1, 1) & R.

~R is not reflexive.

(1, 6) er

But,

(1, 6) & R.

~R is not symmetric.

Mow, since there is no pair in R such that (x, v) and (v, z) €R, then (x, z) cannot belong
to R.

~ R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.
(ii)A=4{1,2,3,4,5,6}

R = {(x, y): v is divisible by x}

We know that any number (x) is divisible by itself.

= (x, x) €R

~R is reflexive.

MNow,

(2, 4) €R [as 4 is divisible by 2]

But,

(4, 2) ¢ R. [as 2 is not divisible by 4]

~R is not symmetric.

Let (x, v}, (v, 2) € R. Then, y is divisible by x and z is divisible by y.
=z is divisible by x.

= (x, z) eR

~R is transitive.

Hence, R is reflexive and transitive but not symmetric.

(iv) R ={(x, v): x — vis an integery}

Mow, for every x € Z, (x, x) €R as x — x = 0 is an integer.
~R is reflexive.

Mow, for every x, v € Zif (x, ¥v) € R, then x — y is an integer.

= —(x — y) is also an integer.

— s N s aatalals

Free Pdf Download from Exxamm.com




=AY T A 1man uncyci.
~(y,x)ER

~Ris symmetric.

MNow,

Let (x, ¥) and (y, z) €R, where x, v, z € Z.

= (x — y) and (y — z) are integers.
=x—z=(x—-y)+ (y— z)is an integer.

~(x,z) eR

~R is transitive.

Hence, R is reflexive, symmetric, and transitive.

(v) (a) R = {(x, ¥): x and y work at the same place}
= (x, x)eR

~ R is reflexive.

If (x, v) € R, then x and y work at the same place.

= vy and x work at the same place.

= (y, x) € R.

~Ris symmetric.

Mow, let (x, v), (v, 2) e R

= x and y work at the same place and y and z work at the same place.
= x and z work at the same place.

= (x, z) eR

«~ R is transitive.

Hence, R is reflexive, symmetric, and transitive.

(b) R = {(x, v): x and y live in the same locality}
Clearly (x, x) € R as x and x is the same human being.
~ R is reflexive.

If (x, y¥) €R, then x and y live in the same locality.

= vy and x live in the same locality.

= (y, x)eR

=R is symmetric.

Mow, let (x, v) € R and (v, z) € R.

= x and y live in the same locality and y and z live in the same locality.
= x and z live in the same locality.

= (x, z)ER

~ R is transitive.

Hence, R is reflexive, symmetric, and transitive.

(c) R ={(x, ¥): x is exactly 7 cm taller than y}

Now,

(x, x) &R

Since human heina ¥ cannot he taller than himself
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~R is not reflexive.
Now, let (x, v) €R.
= x is exactly 7 cm taller than y.
Then, v is not taller than x.
=~ (y, x) &R
Indeed if x is exactly 7 cm taller than y, then y is exactly 7 cm shorter than x.
~R is not symmetric.
Now,
Let (x, v), (v, Z) € R.
= x is exactly 7 cm taller than y and y is exactly 7 cm taller than z.
= x is exactly 14 cm taller than z .
~(x, Z) #R
~ R is not transitive.
Hence, R is neither reflexive, nor symmetric, nor transitive.
(d) R = {(x, y): xis the wife of y}
Now,
(x, x) e R
Since x cannot be the wife of herself.
~R is not reflexive.
MNow, let (x, ¥) R
= x is the wife of y.
Clearly y is not the wife of x.
Ay, x) R
Indeed if x is the wife of v, then y is the husbhand of x.
~ R is not transitive.
Let (x, v), (v, 2) R
= x is the wife of y and y is the wife of z.
This case is not possible. Also, this does not imply that x is the wife of z.
~(x,z) &R
~R is not transitive.
Hence, R is neither reflexive, nor symmetric, nor transitive.
(e} R = {(x, ¥): x is the father of v}
(x, x) e R
As x cannot be the father of himself.
~R is not reflexive.
Mow, let (x, v) ER.
= x is the father of y.
= y cannot be the father of y.

Indeed. v is the son or the dauahter of v
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~(y, x) &R

«~ R is not symmetric.

Mow, let (x, v) e R and (v, z) € R.

= x is the father of y and y is the father of z.
= x is not the father of z.

Indeed x is the grandfather of z.

“(x,z)gR

~R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.

Question 2:

Show that the relation R in the set R of real numbers, defined as

R = {(a, b): a = b*} is neither reflexive nor symmetric nor transitive.
Answer

R={(a b):a<b}

| ) | 1y 1
Py gR, since —>| — | =—,
It can be observed that = 2 2 2 4

~R is not reflexive.

Now, (1,4)eRas 1 < 4?
But, 4 is not less than 12
~(4,1)eR

=R is not symmetric.
Mow,

(3, 2),(2,1.5) R

(as3 < 22=44and 2 < (1.5)% = 2.25)
But, 3 > (1.5)* = 2.25
~(3,1.5) 2R

~ R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.

Question 3:

Check whether the relation R defined intheset {1, 2, 3, 4, 5, 6} as
R=4J(a, b):b=a+ 1%} is reflexive, symmetric or transitive.
Answer

let A =4{1,2,3,4,5, 6}

A relation R is defined on set A as:

R=4(a bl:b=a+ 1}

~R={(1, 2), (2, 3), (3, 4), (4, 5), (5, 6)}

Whm mmm Emd Fa ah 2 D walmen =~ A
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For instance,

(1, 1),(2,2),(3,3),(4,4),(5,5),(6,6)eR

~R is not reflexive.

It can be observed that (1, 2) € R, but (2, 1) € R.
~R is not symmetric.

Now, (1, 2), (2,3) e R

But,

(1,3)e¢R

~R is not transitive

Hence, R is neither reflexive, nor symmetric, nor transitive.

Question 4:

Show that the relation R in R defined as R = {(a, b): a < b}, is reflexive and transitive
but not symmetric.

Answer

R=4{(a, b); a £b}

Clearly (8, 3) e Ras a = a.

~R is reflexive.

Now,

(2,4)eR(as 2 = 4)

But, (4, 2) 2 R as 4 is greater than 2.
~ R is not symmetric.

Now, let (a, b), (b, c) € R.

Then,

a<bandbs=c

=a=sc

=(a, c)eRr

~K is transitive.

Hence,R is reflexive and transitive but not symmetric.,

Question 5:

Check whether the relation R in R defined as R = {(a, b): a < b®} is reflexive, symmetric
or transitive.

Answer

R={(a b):acx<b’}

I (1Y 1
;- E & R as 5 > ; = E
It is observed that ~~ =

=~ R is not reflexive,

Now.
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(1,2)eR(as1<2*=8)
But,
(2,1)eR(as 2% > 1)

~ Ris not symmetric.

3 3Y 3
3.;. ERasS-e:; and;«:
We have = =

(3. E]E R as 3}[9] .
But > 3

=~ R 1s not transitive.

fd
e
s
b | e
| oo

Hence, R is neither reflexive, nor symmetric, nor transitive.

Question 6:

Show that the relation R in the set {1, 2, 3} given by R = {(1, 2), (2, 1)} is symmetric
but neither reflexive nor transitive.

Answer

let A = {1, 2, 3}.

A relation R on A is defined as R = {(1, 2), (2, 1)}.

It is seen that (1, 1), (2, 2}, (3, 3) R,

~ R is not reflexive.

Now, as (1, 2) e Rand (2, 1) € R, then R is symmetric,
Now, (1, 2) and (2, 1) e R

However,

(1,1) &R

~ R is not transitive.

Hence, R is symmetric but neither reflexive nor transitive.

Question 7:

Show that the relation R in the set A of all the books in a library of a college, given by R
= {(x, v): x and y have same number of pages} is an equivalence relation.
Answer

Set A is the set of all books in the library of a college.

R = {x, v): x and ¥ have the same number of pages}

Now, R is reflexive since (x, x) € R as x and x has the same number of pages.
Let (x, v) € R = x and y have the same number of pages.

= y and x have the same number of pages.

= (y, x)ER

~R is symmetric.

Now, let (x, ¥) eR and (y, z) € R.

= x and y and have the same number of pages and y and z have the same number of
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pages.

= x and z have the same number of pages.
= (x,Z) ER

~R is transitive.

Hence, R is an equivalence relation.
Question 8:

Show that the relation R in the set A = {1, 2, 3, 4, 5} given by
R = {{u b):la-b| is even}

, is an equivalence relation. Show that all the elements of {1,
3, 5} are related to each other and all the elements of {2, 4} are related to each other.
But no element of {1, 3, 5} is related to any element of 2, 4},

Answer

A=1{1,2, 3, 4,5}
R ={{u, b):la—b| is even}

M—ﬂ=ﬂ

It is clear that for any element a €4, we have (which is even).

=R is reflexive.

Let (a, b) € R,

= |a - b|is even.

= |—{u—h}| = |[b—alis also even.

= (b, a)eR

~R is symmetric.

Now, let (a, b) € R and (b, c) € R.

= |a—b)| is even and |b—c| is even.

= (a—-0b) isevenand (b—c) is even.

=(a-c)=(a-b)+(b-c) is even [Sum of two even integers is even |
= la—c| is even.

= (a,c)eR

~H is transitive.

Hence, R is an equivalence relation.

Mow, all elements of the set {1, 2, 3} are related to each other as all the elements of

this subset are odd. Thus, the modulus of the difference between any two elements will

be even.

Similarly, all elements of the set {2, 4} are related to each other as all the elements of
this subset are even.

Also, no element of the subset {1, 3, 5} can be related to any element of {2, 4} as all
elements of {1, 3, 5} are odd and all elements of {2, 4} are even. Thus, the modulus of

the difference between the two elements (from each of these two subsets) will not be
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even.

Question 9:

A={xeZ:0<x<12}

Show that each of the relation R in the set , given by

0 R ={(a, b):|a-blis amultiple of 4}
W}R=Hmbha=ﬁ
is an equivalence relation. Find the set of all elements related to 1 in each case.

Answer

A={xeZ:0<x<12}={0,1,2.3,4,5,6,7,8.9,10, 11, 12}

0 R ={(a, b):|a-blis amultiple of 4}

a—al=

For any element a €A, we have (3, 8) e R as | 0 is a multiple of 4.

~R is reflexive.

Mow, let (g, b)) ER = |a_h‘i5 a multiple of 4.
::L{a—bﬂzh—a“samUMpMOfi

= (b,a)eR

~R is symmetric.

Mow, let (a, b), (b, c) € R.

=> |a—b| is a multiple of 4 and |b—¢| is a multiple of 4.
=>(a-b) is amultiple of 4 and (b -¢) is a multiple of 4.
=(a-c)=(a-b)+(b-c) is a multiple of 4.
=>|a~c| is amultiple of 4.

= (a, c) eR

~ R is transitive.

Hence, R is an equivalence relation.

The set of elements related to 1 is {1, 5, 9} since

1 =1|=0 is a multiple of 4,

5—1|=4 is a multiple of 4,and

9~1| =8 is a multiple of 4.

(i) R = {(a, b): a = b}

For any element a €A, we have (a, a) € R, since a = a.
=R is reflexive.

Now, let (a, b) € R.

=a=>5b

=h=a
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= (b,a)eR

~R is symmetric.

Now, let (a, b) e R and (b, c) e R.

2a=bandb=c

=a=c

=(a, c)eR

~ R is transitive.

Hence, R is an equivalence relation.

The elements in R that are related to 1 will be those elements from set A which are equal
to 1.

Hence, the set of elements related to 1 is {1}.

Question 10:
Given an example of a relation. Which is
(i) Symmetric but neither reflexive nor transitive.
(ii) Transitive but neither reflexive nor symmetric.
(iii) Reflexive and symmetric but not transitive.
(iv) Reflexive and transitive but not symmetric.
(v} Symmetric and transitive but not reflexive.
Answer
(i) Let A = {5,6, 7}.
Define a relation R on A as R = {(5, 6), (6, 5)}.
Relation R is not reflexive as (5, 5), (6, 6), (7, 7) € R.
Mow, as (5, 6) € R and also (6, 5) € R, R is symmetric.
=(5, 6),(6,5) R, but (5, 5)¢&R
~R is not transitive.
Hence, relation R is symmetric but not reflexive or transitive.
(ii)Consider a relation R in R defined as:
R={(a, b):a=<b}
Forany a € R, we have (a, a) € R since a cannot be strictly less than a itself. In fact, a =
a.
~ R is not reflexive.
Now,
(1,2)eR(as 1 < 2)
But, 2 is not less than 1.
~(2,1) &R
«~ R is not symmetric.
MNow, let (a, b), (b, ¢) € R.

=ag<bandb<c

Free Pdf Download from Exxamm.com




=a<c

=(a,c)eR

~R is transitive.

Hence, relation R is transitive but not reflexive and symmetric.

(iii)Let A = {4, 6, 8}.

Define a relation R on A as:

A ={(4,4), (6,6), (8, 8), (4,6), (6, 4), (6,8),(8,6)}

Relation R is reflexive since forevery a € A, (a, a) eR i.e., (4, 4), (6, 6), (5, 8)} € R,
Relation R is symmetric since (a, b) e R = (b, a) e R forall a, b e R.

Relation R is not transitive since (4, 8), (6, 8) e R, but (4, 8) ¢ R.

Hence, relation R is reflexive and symmetric but not transitive.

(iv) Define a relation R in R as:

R={a, b):azb’}

Clearly (a, a) e R as a° = a°.
~R is reflexive.

Mow,

(2,1)eR(as 2 =2 19)

But,

(1, 2) e R (as 1 < 2?)
«~ R is not symmetric.
Now,

Let (a, b), (b, c) € R.
=sa zb’and b’z
=a 27

=(a,c)eR

~R is transitive.

Hence, relation R is reflexive and transitive but not symmetric,
(v) Let A = {-5, —6}.

Define a relation R on A as:

R ={(-5, -6), (-6, -5), (-5, =5)}

Relation R is not reflexive as (-6, —6) ¢ R.

Relation R is symmetric as (-5, —6) e R and (-6, —5}&R.

It is seen that (-5, —6), (-6, —=5) € R. Also, (-5, —5) € R.
~The relation R is transitive.

Hence, relation R is symmetric and transitive but not reflexive.

Question 11:
Show that the relation R in the set A of points in a plane given by R = {(P, Q): distance

of the point P from the origin is same as the distance of the point Q from the origin}, is
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an equivalence relation. Further, show that the set of all point related to a point P = (0,
0) is the circle passing through P with origin as centre.

Answer

R = {(P, Q): distance of point P from the origin is the same as the distance of point Q
from the origin}

Clearly, (P, P} € R since the distance of point P from the origin is always the same as the
distance of the same point P from the origin.

~R is reflexive.

Now,

Let (P, Q) € R.

= The distance of point P from the origin is the same as the distance of point Q from the
origin.

= The distance of point Q from the origin is the same as the distance of point P from the
origin.

= (Q,P)eR

~R is symmetric.

Now,

Let (P, Q), (Q, S) € R.

= The distance of points P and Q from the origin is the same and also, the distance of
points Q and S from the origin is the same.

= The distance of points P and S from the origin is the same.

= (P,5)eR

~R is transitive.

Therefore, R is an equivalence relation.

The set of all points related to P = (0, 0) will be those points whose distance from the
origin is the same as the distance of point P from the origin.

In other words, if O (0, 0) is the origin and OP = k, then the set of all points related to P
is at a distance of k from the arigin.

Hence, this set of points forms a circle with the centre as the origin and this circle passes

through point P.

Question 12:
Show that the relation R defined in the set A of all triangles as R = {(Ty, T;): T, is similar
to T,}, is equivalence relation. Consider three right angle triangles T, with sides 3, 4, 5,
T, with sides 5, 12, 13 and T; with sides 6, 8, 10. Which triangles among Ty, T; and T;
are related?
Answer
R = (T T2): Ty is similar to T2}
R is reflexive since every triangle is similar to itself.
Further. if (T.. T-) € R. then T, is similar to T-
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= T, is similar to T4,

= (T2, T1) €R

~R is symmetric.

Now,

Let (T1, T2), (T2, T=) € R.

= Ty is similar to Tz and T3 is similar to T3,
= T3 is similar to T3,

= (T, Tz) ER

~ R is transitive,

Thus, R is an equivalence relation.

Now, we can observe that:

E_i_i[_lJ
6 8 10\ 2

~The corresponding sides of triangles T; and Tz are in the same ratio.
Then, triangle Ty is similar to triangle T3,

Hence, T; is related to Ts.

Question 13:

Show that the relation R defined in the set A of all polygons as R = {(Ps, P2): P; and P2
have same number of sides}, is an equivalence relation. What is the set of all elements
in A related to the right angle triangle T with sides 3, 4 and 57

Answer

R = {(Py, P2): P; and Pz have same the number of sides}

R is reflexive since (P, P;) € R as the same polygon has the same number of sides with
itself.

Let (P, P,) € R.

= P, and P, have the same number of sides.

= P, and P, have the same number of sides.

= (Py, P1) ER

~R is symmetric.

Now,

Let (Py, Ps), (Ps, P3) e R,

= P, and P, have the same number of sides. Also, P, and P; have the same number of

sides.

= P, and P; have the same number of sides.

= (Py, P3) €R

~R is transitive.

Hence, R is an equivalence relation.

The elements in A related tn the rinht-analad triannle (T) with cidee 3 4 and § ara

Free Pdf Download from Exxamm.com




L L I O e L N L S L L N L RN R L T LY LR B AR T R

those polygons which have 3 sides (since Tis a polygon with 3 sides).

Hence, the set of all elements in A related to triangle T is the set of all triangles.

Question 14:

Let L be the set of all lines in XY plane and R be the relation in L defined as R = {(L,,
L2): Ly is parallel to Ls}. Show that R is an equivalence relation. Find the set of all lines
related to the line y = 2x + 4,

Answer

R = {(Ly, Ls3}: Ly is parallel to Lo}

R is reflexive as any line L, is parallel to itself i.e., (L, L) € R,

Now,

Let (L,, L,) € R.

= [, is parallel to L,,

= |, is parallel to L,

= (Ls, L;) ER

~ R is symmetric.

Mow,

Let (Ly, L), (La, L3) €R.

= [, is parallel to L,. Also, L, is parallel to L5

= [, is parallel to L5,

=R is transitive.

Hence, R is an equivalence relation.

The set of all lines related to the line v = 2x + 4 is the set of all lines that are parallel to
the line y = 2x + 4.

Slope of liney = 2x + 4ism =2

It is known that parallel lines have the same slopes.

The line parallel to the given line is of the form v = 2x + ¢, where ¢ €R.

Hence, the set of all lines related to the given line is given by v = 2x + ¢, where c € R.

Question 15:

Let R be the relation in the set {1, 2, 3, 4} given by R = {(1, 2}, (2, 2), (1, 1), (4, 4),
(1, 3), (3, 3), (3, 2)}. Choose the correct answer,

(A) R is reflexive and symmetric but not transitive.

(B) R is reflexive and transitive but not symmetric.

(C) R is symmetric and transitive but not reflexive.

(D) R is an equivalence relation.

Answer

R=1{(1, 2), (2, 2), (1, 1), (4, 4), (1, 3), (3, 3), (3, 2)}
It is seen that (a, a) e R, for every a {1, 2, 3, 4}.

~ R is reflexive.
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Itis seen that (1, 2) e R, but (2, 1) & R.

~R is not symmetric.

Also, it is observed that (a, b), (b, c)eR = (a, c)e Rforalla, b, ce {1, 2, 3, 47}.
~ R is transitive.

Hence, R is reflexive and transitive but not symmetric.

The correct answer is B.

Question 16:

Let R be the relation in the set N given by R = {(a, b):a=b — 2, b = 6}. Choose the
correct answer.
(A)(2,4)eR(B)(3,8)eR(C)(6,8)eR (D) (8, 7)eR
Answer

R=4(a bl:a=b-2,b>06}

Mow, since b = 6, (2,4} ¢ R
Also,as3+8-2,(3,8)egR

And,as 8 =7 - 2

S(8,7)¢R

Mow, consider (6, 8).

We have 8 > & and also, 5 = 8 — 2.

~(6,8)eR

The correct answer is C.
Exercise 1.2

Question 1:

1
| =t |
Show that the function f: R« — Ras defined by Y is one-one and onto, where Rs is
the set of all non-zero real numbers. Is the result true, if the domain R« is replaced by N
with co-domain being same as Ra?

Answer

It is given that f: R+ — R« is defined by / x’
One-one:
f(x)=1(»)
il

X v
=X=y
~fis one-one.
Onto:
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1 :
x=—eR, (Existsas y #0)

It is clear that for ye Rs, there exists Y such that
1
f(x) ==
9
~fis onto.

Thus, the given function (f) is one-one and onto.
Now, consider function g: N — Redefined by
1
g(x)=—.
X
We have,
1 1
g(x)=g(n)=>—=—=x=x
X, X,

~g is one-one.

Further, it is clear that g is not onto as for 1.2 €R« there does not exit any x in N such
1
that g(x) = 12

Hence, function g is one-one but not onto.

Question 2:

Check the injectivity and surjectivity of the following functions:
(i) £ N — N given by f(x) = x*

(ii) f: Z — Z given by f{x) = x*

(iii) f: R — R given by f(x) = x*

(iv) f: N — N given by f(x) = x*

(v) : Z — Z given by fix) = x°

Answer

(i) f2 N — N is given by,

fix) = x*

It is seen that for x, ¥ €N, flx) = fly) = x> = y* = x = y.

~fis injective.

Now, 2 € N. But, there does not exist any x in N such that f{x) = x> = 2.
~ fis not surjective.

Hence, function fis injective but not surjective.

(ii) - Z —+ Z is given by,

flx) = x*

Itis seen that f{(—1) = f{1) = 1, but -1 = 1.

~ Fis not injective.
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Now,—2 € Z. But, there does not exist any element x €Z such that f(x) = x* = -2,
~ fis not surjective.

Hence, function fis neither injective nor surjective.

(iii) - R — R is given by,

flx) = x*

Itisseen that f(—1) = f(1) =1, but -1 = 1.

~ fis not injective,

Now,—2 € R. But, there does not exist any element x € R such that f(x) = x* = -2.
~ fis not surjective.

Hence, function fis neither injective nor surjective.

(iv) f: N — N given by,

flx) = x°

Itis seen that forx, y eN, flx) = fly) = x> = y* = x = y.

~fis injective.

Now, 2 € N. But, there does not exist any element x in domain N such that f(x) = x* =
2.

~ fis not surjective

Hence, function fis injective but not surjective.

(v} f: Z —» Zis given by,

flx) = x°

Itisseenthatforx, yeZ, flx) =fly) =2 x> =y = x = y.

~ fis injective.

Now, 2 € Z. But, there does not exist any element x in domain Z such that f{x) = x* = 2.
~ fis not surjective,

Hence, function fis injective but not surjective.

Question 3:

Prove that the Greatest Integer Function f: R — R given by f{x) = [x], is neither one-
once nor onto, where [x] denotes the greatest integer less than or equal to x.
Answer

f: R — Ris given by,

f(x) = [x]

It is seen that f{1.2) = [1.2] =1, fi1.9) = [1.9] = 1.

~ f(1.2) = f(1.9), but 1.2 = 1.9.

~ fis not one-one.

MNow, consider 0.7 € R.

It is known that fix) = [x] is always an integer. Thus, there does not exist any element x
€ R such that f(x) = 0.7.

=~ fis not onto.
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Hence, the greatest integer function is neither one-one nor onto.

Question 4:

(x)=|x
Show that the Modulus Function f: R — R given by 'I[ ] | |, is neither one-one nor

onto, where |r| is x, if x is positive or 0 and |r| is — x, if x is negative,
Answer
f: R — Ris given by,

x, ifx=0
.f{x)=|-rl={

~x, ifx<0
It is seen thatf[_l)=|_]|=l‘f(l;lzll‘:I.
~f(-1) = (1), but -1 = 1.

=~ fis not che-one,

MNow, consider —1 € R.
. X . . .
It is known that fix) = | | is always non-negative. Thus, there does not exist any

element x in domain R such that f{x) = M = —1.
- fis not onto.

Hence, the modulus function is neither one-one nor onto.

Question 5:

Show that the Signum Function f R — R, given by

1, ifx>0
f(x)=40, ifx=0
-1, ifx<0

is neither one-one nor onto.
Answer

f: R — Ris given by,

1, ifx>0
Sx)=10, ifx=0
-1, ifx<0

Itisseen that (1) = f2) =1, but 1 = 2.

~fis not one-ane.

Now, as f(x) takes only 3 values (1, 0, or —1) for the element —2 in co-domain R, there
does not exist any x in domain R such that f{x) = —-2.

~ fis not onto.

Hence, the signum function is neither one-one nor onto.

Nuactinn A~
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letA=41,2,3}, B=44,5,6,7randletf={(1,4), (2,5), (3, 6)} be a function from
A to B. Show that fis one-one.

Answer

Itis giventhat A = {1, 2, 3}, B={4,5,6, 7}.

f: A+ Bisdefined as f= {(1, 4), (2, 5), (3, 6)}.

~f(1)=4,f(2)=5,f(3)=6

It is seen that the images of distinct elements of A under f are distinct.

Hence, function fis one-one,

Question 7:

In each of the following cases, state whether the function is one-one, onto or bijective.
Justify your answer.

(i) f: R - R defined by fix) = 3 — 4x

(ii) f: R — R defined by f{x) = 1 + x*

Answer

(i) f: R - Ris defined as f(x) = 3 — 4x.
Letx,, x, € Rsuch that f(x, )= f(x,)

=3-4x, =3-4x,
= —=4x, = -4x,
=X =X,

~ fis one-one.

-y

For any real number (y) in R, there exists 4 in R such that

A5

~fis onto.

Hence, fis bijective.

(ii) f: R — R is defined as
f(x)=1+x°
Letx,, x, € Rsuch that /' (x, )= f(x,)

=1+x =1+x]
= x =x,

=x =+x,

f(x)=1(x) does not imply that ™1 ~ "'

For instance,

fll)=fl-1)=2
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~ fis not one-one.

Consider an element —2 in co-domain R.

It is seen that Y [t} =l+x is positive for all x € R.
Thus, there does not exist any x in domain R such that f{x) = —2.
=~ fis not onto.

Hence, fis neither one-one nor onto.

Question 8:
Let A and B be sets. Show that f: A x B — B x A such that (a, b) = (b, a) is hijective

function.
Answer

fr Ax B B x Aisdefined as fla, b) = (b, a).
Let (@, b)), (@, b,)e AxBsuchthatf(a, b)=f(a. b,)

=(b. a)=(b,. a,)
=b =b anda, =a,
= (a, b)=(a,, b,)
~ fis one-one.

Now, let (b, a) € B x A be any element.
Then, there exists (a, b) eA x B such that f{a, b} = (b, a). [By definition of f]

~ fis onto.

Hence, fis bijective.

Question 9:

n+1

, if mis odd
f(n)= 2 forall ne N,
2 ifniseven

Let fr N — N be defined by

State whether the function f is bijective. Justify your answer.

Answer
nHL s odd
f(n)= 2 for all ne N.
E. if m is even

f2: N — Nis defined as

It can be observed that:

=1 [By definition of 1]

b2 | bd

F(1)=25"=1and f(2)=

s = (2. where 12 2.
Free Pdf Download from Exxamm.com




A S fONT T TrEETET O oroT
=~ fis not one-one.

Consider a natural number (n) in co-domain N.
Case I: nis odd

~n = 2r+ 1 for some r € N. Then, there exists 4r + 1eN such that

]}=4}*+]+1=

f(4r+ 2r+1

Case II: nis even

f(4r)=—=2r

4r
~n = 2r for some r € N. Then,there exists 4r eN such that 2

~ fis onto.

Hence, fis not a bijective function.

Question 10:
letA=R - {3} and B =R — {1}. Consider the function f; A — B defined by

x=-2
-3

f{x)=[

Answer
A=R-{3},B=R-{1}
x=2
=23
f: A — B is defined as x=3 .
Let x, y € Asuch that f (x)= /()

]. Is f one-one and onto? Justify your answer.

[
[

- :l':3 B y=:
=(x=2)(y-3)=(y-2)(x-3)

= xy=3x=-2y+6=xy-3y-2x+6

'I_.‘_

(¥ ]

= -Ix-2y=-3y-2x

= 3x-2x=3y-2y

=x=y

~ fis one-one.

let yeB = R — {1}. Then, y = 1.

The function fis onto if there exists x €A such that f{x) = y.
Now,
f(x)=y
x=2
x-=3 B
= x=2=xy=3y

= i

= x(l-y)=-3y+2
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X = ] eA [_v:t]]
-3

=3y
2 YA

Thus, for any y € B, there exists -y such that

(2—3y\_2
J’( 2-3) :“ I_J,J :2_3:”_21—2}’:_—'1’:1&'
|-y 2-3y _3 2-3y-3+3y -1
-y
.. f is onto.

Hence, function fis one-one and onto.

Question 11:

Let f R — R be defined as f{x) = x*. Choose the correct answer.
(A) fis one-one onto (B) fis many-one onto

(C) fis one-one but not onto (D) fis neither one-one nor onto

Answer

- _ .4
f: R —+ Ris defined as / [I)_ e
Let x, ¥ € R such that fix) = fy).
=x'=y

= Xx=xIy

f(.\.’, )= f“—‘ ) does not imply that W4

For instance,

f()=r(-1)=1

~ fis not one-one.

Consider an element 2 in co-domain R. It is clear that there does not exist any x in
domain R such that fix) = 2.

~ Fis not onto.

Hence, function fis neither one-one nor onto.

The correct answer is D.

Question 12:

Let f: R — R be defined as fix) = 3x. Choose the correct answer.
(A) fis one-one onto (B) fis many-one onto

(C) fis one-one but not onto (D) fis neither one-one nor onto
Answer

f: R —+ Ris defined as f(x) = 3x.

Let x, ¥ € R such that fix) = f{y).

s T — T
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— oA — oy
S x=y
~fis one-one.
Y

Also, for any real number (y) in co-domain R, there exists 3 in R such that
(5)-5)

3 3 ]
~fis onto.
Hence, function fis one-one and onto.

The correct answer is A.

Exercise 1.3

Question 1:

let f: {1, 3,4}y {1, 2,5Fandg: {1, 2, 5} —» {1, 3} be given by f = {(1, 2), (3, 5),
(4, 1)} and g = {(1, 3), (2, 3), (5, 1)}. Write down gof.

Answer

The functions f: {1, 3, 4% - {1, 2,5y and g: {1, 2, 5} — {1, 3} are defined as
f={(1,2), (3, 5), (4, 1)} and g = {(1, 3), (2, 3), (5, 1)}.

gof (1)=g(/(1)=g(2)=3 [ f(1)=2andg(2)=3]
gof (3)=g(/(3))=2(5)=1 [f(3)=5andg(5)=1]
gof (4)=g(/(4))=g(1)=3 [/f(4)=1andg(1)=3]

wgof ={(13).(3.1).(4.3)]

Question 2:
Let f, g and A be functions from R to R. Show that

(f+g)oh= foh+ goh
(f-g)oh=( foh)-(goh)

Answer
To prove:

(/+g)oh= foh+ goh
Consider:

((f +2)oh)(x)

=(/ +g)(h(x))

= f(h(x))+ g(h(x))
= (foh)(x)+(goh)(x)
= {(foh) +(goh)j(x)

~((fF+g)oh)(x)={(foh)+(goh)}(x) YxeR
Hence, (f + g)oh= foh+ goh.
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To prove:

(f-g)oh=(foh)-(goh)

Consider:

(/- g)oh)(x)

=(f-g)(h(x))

= f(h(x))&(h(x))

=(foh)(x).(goh)(x)

={(foh).(goh)}(x)

= ((f-g)oh)(x) = {( foh).(goh)j(x) ¥x e R
Hence, (/- g)oh =( foh)-(goh).

Question 3:

Find gof and fog, if
0 f(x)=|x| and g(x)=|5x-2|

iy /(x)=8x" and g (x) =
Answer

(i f(x)=|x| and g(x)=|5x-2|
~(gof)(x) =2 (f(x) = g (|x) =[3|x/-2]
(fog)(x)=f(g(x))=f(|5x- 2\) H5x—2||=|5r—2‘

(i f(x)=8x" and g(x)= xi
(20 ) () = [/ (x)) = 2(85°) = (8"} = 2x

(.fﬂg)(n‘f)=f[g{x})=f(x;]=3[x;}1 e

Question 4:

(x) (4x+3) I#E X:E
(6 ) , show that fo fix) = x, for all 3 . What is the inverse of f?
Answer
£(x)= (4x+3}’ el
It is given that (6x _4} 3
T R T Y
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(RN )= F(FCN=1] 5=5)

bx—4
4x+3
+3
(61‘ 4] ~16x+12+18x-12 34\‘
[4r+3) 4 C 24x+18-24x+16 34
6x—4

Therefore, fof (x) = x. for all r-.t?
= fof =1

Hence, the given function fis invertible and the inverse of fis f itself.

Question 5:

State with reason whether following functions have inverse

(i) f: {1, 2, 3, 4} — {10} with

f={(1, 10}, (2, 10), (3, 10), (4, 10)}

(i) g: {5,6,7, 8} —»{1,2,3, 4} with

g = (5, 4), (6, 3), (7, 4), (8, 2)}

(iii) h: {2, 3, 4, 5} — {7, 9, 11, 13} with
={(2,7),(3,9), (4, 11), (5, 13)}

Answer

(iy f: 41, 2, 3, 4+ — {10}defined as:
= {(1, 10), (2, 10}, (3, 10}, (4, 10)}

From the given definition of f, we can see that fis a many one function as: f{1) = f(2)

f(3) = f(4) = 10

~fis not one-one.

Hence, function f does not have an inverse,

(i) g: {5,6,7, 8}y - {1, 2, 3, 4} defined as:

g = {(5, 4), (6, 3), (7, 4), (8, 2)}

From the given definition of g, it is seen that g is a many one function as: g(3) = g(7) =
4.

~g is not one-one,

Hence, function g does not have an inverse,

(iii) A= {2, 3,4, 5y — {7,9, 11, 13} defined as:

h={(2,7), (3, 9), (4, 11), (5, 13)}

It is seen that all distinct elements of the set {2, 3, 4, 5} have distinct images under h.
~Function h is one-one.

Also, h is onto since for every element y of the set {7, 9, 11, 13}, there exists an
element x in the set {2, 3, 4, 5}such that h(x) = y.

Thus, h is a one-one and onto function. Hence, A has an inverse,

Nuaactinn R
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X

Show that f: [—-1, 1] — R, given by ’ is one-one. Find the inverse of the
function f: [-1, 1] — Range f.
. 2y
flx)=— -y
(Hint: For v eRange f, y = x+2 , for some x in [-1, 1], i.e., )
Answer
X
)=
f: [-1, 1] — R is given as '

Let f{x) = f(y).

x ¥

-

x+2 y+2

= xy+2x=xy+2y

= 2x=2y

=x=Yy

~ fis a one-one function.

It is clear that f: [—1, 1] — Range fis onto.

~f: =1, 11 — Range fis one-one and onto and therefore, the inverse of the function:
f: [-1, 1] — Range f exists.

Let g: Range f — [—1, 1] be the inverse of f.
Let v be an arbitrary element of range f.

Since f: [-1, 1] — Range fis onto, we have:

v = f(x) for same x e[-1, 1]

Mow, let us define g: Range f — [—1, 1] as

2y
)=, vzl
g(y) iy

Now, {gof}(x}=g(f(x)}=g(xiz}=2[_-:2]= L .

2y

) = Mol 2 1=y 2y 2y
{fﬂg][})—f(g{}))_f[l—?)_ 2y +2- 2y+2-2y 2 °

1—
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I
~gof = [ and fog = Tanee
. f_l = g

U}_ - «Htl

Question 7:

Consider f: R — R given by f(x) = 4x + 3. Show that f is invertible. Find the inverse of f.
Answer

f: R — Ris given by,
flx)=4x + 3

One-one:

Let f(x) = fly).

= 4dx+3=4y+3

= 4x=4y

=x=y

~ fis a one-one function.
Onto:

Fory e R, let y = 4x + 3.

— x=2_ > R
x= p<3 R
Therefore, for any y € R, there exists 4 such that
. {y=3 y-3
flx)= [ J:-i[’ )+3=y.
( ) / - -
= fis onto.

Thus, fis one-one and onto and therefore, f* exists.

=3
Let us define g: R R by g{"}_ 4
N"W*(g‘:?f)(*‘}=g(.f(x})=g{4x+3)= (4I+43)—3 .
{fhgn?] f(g(]) ( 1 ] 4[}43J+3 y=3+3=y

gof = fog =1,

Hence, fis invertible and the inverse of fis given by

r()=g()=27

4
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Question 8:

Consider f: R+ — [4, o) given by f(x) = x* + 4. Show that fis invertible with the inverse

w1 Pl = i y J—
f* of given f by f [l} y-4 . where Ry is the set of all non-negative real numbers.
Answer

f: R+ — [4, o) is given as f(x) = x> + 4.
One-one:

Let fx) = Ay).

=>x +4=)y"+4

=>x' =)

Sx=y [asx=yeR,]

~ fis a one-one function.
Onto:
For y € [4, o), let y = x* + 4.

Sx=y-420 lasy = 4]

=x=y-420
Therefore, for any v € R, there exists x=4y-4€R such that

-f'(x)=f(m}=(JyT4)z+4=_v-4+4=y_

=~ fis onto.

Thus, fis one-one and onto and therefore, f ! exists.

Let us define g: [4, @) — Ry by,

g(y)=\y-4

Now, gof (x) = g(f(x))=g(x" +4)= ,,’ r T+d)- 4=Jx =x
And. fog(v)=f(g(»)) =f(Jy—4):(Jy-4]' +d=(y-4)+d4=y
. gof = fog=1Ig,

Hence, fis invertible and the inverse of fis given by

1 (¥)=g(r)=\r-4.

Question 21:
_ tan "' V3 - cot ‘(-v’ﬁ]_
Find the values of is equal to
I
(A)n(8) 2(c)o(p) V3
Answer
= T t ([ nom)
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tanx =+3 = tang where -n—:k-? EJ

Let lan 'V3=x . Then,

tan 'is (——,—J.
We know that the range of the principal value branch of 22

. T
Stan'V3==

Let mr|(_ﬁ] =Y

Then, coty=—-+3 =—cot [E] = mt[n—EJ = cot % where 2 e (0. m).
6 6 6 6

'I .
The range of the principal value branch of cot s (ﬂ’ 11:].

3 6 6 6 2

Y S~ ]
seot ' (—3)= =
s tan”' /3 —cot '(—ﬁ):ﬁ—s—n=21_5n=_3“=__

The correct answer is B.

Question 9:
Consider f: Ry — [=5, @) given by f(x) = 9x* + 6x — 5. Show that fis invertible with

({5+6)-

(0)=| 55

Answer
f: R+ — [-5, ) is given as f{x) = 9x* + 6x — 5.
Let v be an arbitrary element of [-5, o).

Let y = 9% + 6x — 5.

= y=(3x+1)" =1-5=(3x+1) -6
::’(3:-:+]]I =y+6
=3x+l=\y+6 [asy=z-5=y+6>0|

Lo yt6-1

-
2

~fis onto, thereby range f = [=5, o).

(¥.)=1f}-‘+6—|
Let us define g: [-5, @) — R, as ‘ 3

We now have:
(g0f)(x)=g(f(x))=g(9x" +6x-5)
= g((3x+1) -6
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JGx 1) —6+6-1

R 3
3x+1-1

= =y

3
i)

=}

3

Sl
()]

=( _1:+ﬁ)1—6=_1-'+6—ﬁ=_1-*

And,(fog)()=f(g(»)=r

g'cf:l"""r::ndJ‘[(L')‘g‘rzl"""'

Hence, fis invertible and the inverse of fis given by

f '(.1’)=£[J‘}=—J?_l-

Question 10:

Let f: X — Y be an invertible function. Show that f has unique inverse.
(Hint: suppose g, and g, are two inverses of f. Then for all y € Y,
fog,(y) = I{y) = fog,(y). Use one-one ness of f).

Answer

Let f: X — ¥ be an invertible function.

Also, suppose f has two inverses (say g andg, ).

Then, for all y €Y, we have:

fog, () =1, (¥)= fog.(»)

= f(g(»)=7(g(»)

=g (y)=g(») |/ is invertible = f is one-one|
=g =8 | 2 is one-one|

Hence, f has a unique inverse.

Question 11:

Consider f: {1, 2, 3} — {a, b, ¢} given by (1) = a, f(2) = band f(3) = c. Find f* and
show that (F1)™ = £.

Answer

Function f: {1, 2, 3} — {a, b, c} is given by,

f(1) =a, f(2) =b, and f(3) =c

If we define g: {a, b, c} - {1, 2,3}asgl(a) =1, glb) = 2, glc) = 3, then we have:
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(fog)(a)=f(g(a))=r(1)=
(fog)(b)=r(g(b))=1(2)=b
(fog)(c)=1(g(c))=1(3)=c
And,

(gof )(1)=g(f(1))=g(a)=1
(gof)(2)=2(f(2))=2(b)=2
(20/)(3)=2(/(3))=2(c)=3

gof = I-"'and fog =1, , where X = {1, 2, 3} and Y= {a, b, c}.
Thus, the inverse of fexists and ! = g.

~f*:{a, b, c}y - {1, 2, 3} is given by,
fia)=1,FYb)=2,fYc) =3

Let us now find the inverse of f'i.e., find the inverse of g.

If we define h: {1, 2, 3} — {a, b, c} as

h{(1) = a, h(2) = b, h(3) = ¢, then we have:

(goh)(1)=g(h(1))=g (ﬂ}=|
(goh)(2)=g(h(2))=g(b)=2
(goh)(3)=g(hn(3))=g(c)=3

And,
(hog)(a)= h(g a))=h(l)=a
(hog)(b)=h(g(b )=f[2}-

{hng]{c'}=h{g (e))=h(3)=c

. goh=1, and hog =1, r where X'={1, 2, 3} and ¥ = {a, b, c}.

Thus, the inverse of gexistsand g ' = h = (F) ™ =h
It can be noted that h = f.
Hence, (FY)™ = F.

Question 12:

Let f: X — Y be an invertible function. Show that the inverse of F 1 is f, i.e.,
(FY™* =~

Answer

Let f2 X — Y be an invertible function.

Then, there exists a function g: ¥ — X such that gof = I,and fog = I,.
Here, ' = g.

Mow, gof = I,and fog = I,

= f lof = Iyand fof *= Iy

Hoameras £l W 0 Ve imuartikla and fic tha imuarea ~F £1
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e, (FY1=F
Question 13:

If R — R be given by f[x}=(3_x-‘ ]J, then fof(x) is
1
(8) ¥’ (B) ¥ (C) x (D) (3 - x*)
Answer
|

—(2_)
f: R — Ris given asf(x}_(} o ) .

1(3)=(3-%)

s fof (x)=x

The correct answer is C.

Question 14:

f:R—{—i}—:rR fx)= ax
3 be a function defined as 3x+4  The inverse of fis map g:

/—R —{—;}given by

Let

Range
3y 4y
g(y)= g(y)=
{A) 3—4}‘ {B) 4—3_‘.»‘
4y 3y
g(y)= gly)=—
{C:] 3- 4_‘|r' {D) 4 - 3}"
Answer
f‘.R-{—i}—» R is defined as /' (x) = had :
It is given that 3 3x+4

Let y be an arbitrary element of Range f.

4
k{3 v=/(v)
Then, there exists x € such that - '
dx
REGETTY
= 3xv+dy=dx - R_J_é} g{y]: ‘4{77_
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= x(4-3y)=4y Let us define g: Range

EYE by
4-3y
(.ﬂﬂf']{-‘f)=£(f"{"”=g[ & ]
Now, - : Ix+4
4 4x
- 3x+4) 16x _Iﬁx_r
4_3( 4_¢] 2x+16-12x 16
3x+4
4y
nd(£0)(3) =/ ()= 1 1=
A 4y
B 4—3}’ _ I'&J’ — 16'}1 =y
o[ 4y ), 120+16-12y 16
4-3y

gof = IR_. _i} and fog = I“m”

k!

Thus, g is the inverse of fi.e., F! = gq.

.f—:-R-{—i}
Hence, the inverse of fis the map g: Range 3 , which is given by
4y
V)= —
s)=35;

The correct answer is B.

Exercise 1.4

Question 1:

Determine whether or not each of the definition of given below gives a binary operation.
In the event that * is not a binary operation, give justification for this.
(iYOn Z*, define*bya*b=a—-b

(ii) On Z*, define * by a * b = ab

(iii) On R, define * by a * b = ab®

(iv) On Z*, define * by a * b = |a — b

(v) On Z¥, define *bya *b=a

Answer

(i) On Z¥, * is defined bya * b = a - b.

It is not a binary operation as the image of (1, 2) under*is1*2 =1 -2
=-1eZ".

(ii) On Z*, * is defined by @ * b = ab.
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It I1s seen that for each 4, b € Z°, there 1S a unigue element ab In Z'.

This means that * carries each pair (a, b) to a unique elementa * b = ab in Z*.
Therefore, * is a binary operation.

(iii) On R, * is defined by a * b = ab®.

It is seen that for each &, b € R, there is a unique element ab? in R.

This means that * carries each pair (a, b) to a unique element a * b = ab”in R.

Therefore, * is a binary operation.
(iii) On R, * is defined by a * b = ab®.
It is seen that for each 3, b € R, there is a unique element ab? in R.
This means that * carries each pair (a, b) to a unique element a * b = ab”in R.
Therefore, * is a binary operation.
(iv) On Z*, * is defined by a * b = |a — b|.
It is seen that for each a, b € Z*, there is a unique element |a - b| in Z*.
This means that * carries each pair (g, b) to a unique elementa * b =
la — b]in Z*.
Therefore, * is a binary operation.
(v) On Z¥, * is defined by a * b = a.
* carries each pair (a, b) to a unique elementa * b = ain Z*.
Therefore, * is a binary operation.
Question 2:
For each binary operation * defined below, determine whether * is commutative or
associative.
(i) On Z, definea*b=a-b
(i) On Q, definea*b=ab+ 1
ab

(iii) On Q, definea * b 2
(iv) On Z*, define a * b = 2%
(v) On Z*, definea * b = &°
awh=-2

(vi) On R — {1}, define b+l
Answer
(i) On Z, * is defined bya * b =a - b.
It can be observedthat1 *2=1-2=1and2*1=2-1=1.
A1 *2=2%1;wherel,2eZ
Hence, the operation * is not commutative.
Also we have:
(1*%2)*3=(1-2)*3=-1%3=-1-3=-4
1*(2*%3)=1%(2-3)=1*-1=1-(-1)=2
A1 *2)*3=1*(2*3);,wherel, 2,32
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Hence, the operation * is not associative.

(i) On Q, * is defined by a * b = ab + 1.

It is known that:

ab=bala beQ

=agb+1=ba+10a beQ
=a*b=a*b0Oa, beQ

Therefore, the operation * is commutative.

It can be observed that:
(1*2)*3=(1x2+4+1)*3=3*3=3x3+1
1*%(2%3)=1*(2x3+1)=1*7=1x7+1
A1 *F2)*¥3=1%(2*%3);, wherel,2,3Q

10

I
[#x]

Therefore, the operation * is not associative.

_ab

(i) On Q, * is defined bya * b 2
It is known that:
ab=5bala beQ

ab_ba
- 2 2Q a, beqQ
=ag*b=b*ala beQ
Therefore, the operation * is commutative.

For all a, b, c € Q, we have:

(a*b)m[ﬂ].c:@_ﬁ

2 2 4

a(h{r]
« .
ﬂ*[b*(‘]:ﬂ*[%J: .]2 ‘=ﬂ_-j(-

Naxb)rc=ax(b*c)

Therefore, the operation * is associative.
(iv) On Z*, * is defined by a * b = 2%,

It is known that:

ab=baOa beZ'

=2 =223 beZ
=a*b=b*ala beZ'

Therefore, the operation * is commutative.

It can be observed that:

(1%2)*3=2"" s3=423=2""=2"

1#(223)=1%2" =1%2° =+ 64 = 2™
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: ’
A(1*¥2)*3=21*(2*3); wherel,2, 32zt
Therefore, the operation * is not associative.
(v) On Z*F, * is defined by a * b = &°.

It can be observed that:

132=1" =19 2*1=2"=2

21*2=22*1 -wheret,2e2Zt

Therefore, the operation * is not commutative,

It can also be observed that:
(2#3)#4=2"%4=8+4=8"=(2’) =2"
2“'!{3*--1}=2"‘34 =2#%8]1=2"

2(2*%3)*%4=+2*(3%4); where2,3,4e2Z"

Therefore, the operation * is not associative.

a*h= ,
(vi) On R, * — {—1} is defined by b+1
1e2= 1! 2e1=2-2_,.
It can be observed that 2+1 3 apd 1+1 2

21 *2=2%1;wherel, 2eR - {-1}
Therefore, the operation * is not commutative.

It can also be observed that:

(]*2}#3:;*3: 3 :1

1#(2#3)=1 2 jelogelo ]
Bl Ryl =]% == ==
3+1 4 2 1
2
~(1*=2)*3=1*(2*3);,wherel, 2, 3eR-{-1}

Therefore, the operation * is not associative.

Question 3:

Consider the binary operation v on the set {1, 2, 3, 4, 5} defined by a vb = min {a, b}.
Write the operation table of the operationv.

Answer

The binary operation v on the set {1, 2, 3, 4, 5} is defined asa vb = min {a, b}

Oa bed{l, 2, 3,4,5}.

Thus, the operation table for the given operation v can be given as:

vii1]1213]4]5
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Consider a binary operation * on the set {1, 2, 3, 4, 5} given by the following
multiplication table.

(i) Compute (2 * 3) * 4 and 2 * (3 * 4)

(ii) Is * commutative?

(iii) Compute (2 * 3) * (4 * 5),

(

Hint: use the following table)

1112131415

S)11j111]11]5

Answer

(V(2*3)*4=1%4=1

2*(3%4)=2%1=1

(ii) Forevery a, be{l, 2, 3,4,5}, we havea * b = b * a. Therefore, the operation * is
commutative.

(iiY(2*3)=1and (4 *5) =1

AM2*3)*(4*5)=1*1=1

Let*’ be the binary operation on the set {1, 2, 3, 4, 5} defined by 8 *' b = H.C.F. of a
and b. Is the operation *' same as the operation * defined in Exercise 4 above? Justify
yOour answer.

Answer
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The binary operation *' on the set {1, 2, 3 4, 5} is defined asa *' b = H.C.F of 3 and b.

The operation table for the operation *' can be given as:

*l112]13]4]5

5111]11]1]5

We observe that the operation tables for the operations * and *’ are the same.

Thus, the operation *’ is same as the operation®,

Question 6:
Let * be the binary operation on N given by a * b = L.C.M. of 8 and b. Find
(i) 5*7,20 * 16 (ii) Is * commutative?

(iii) Is * associative? (iv) Find the identity of * in N

(v} Which elements of N are invertible for the operation *?
Answer

The binary operation * on N is defined asa * b = L.C.M. of 3 and b.
(i)5*7 =LCM. of5and 7 = 35

20 * 16 = L.C.M of 20 and 16 = 80

(ii) It is known that:

LC.Mofaand b=LC.Mofbanda Oa, beN.
a*b=b%*a

Thus, the operation * is commutative,

(iii) For a, b, c € N, we have:
(a*b)*c=(L.CMofaandb)*c=LCMofa, b, andc
a*b*c)=a*(LCMofbandc) =L.C.Mofa, b, and ¢

“(a*b)*c=a*(b*c

Thus, the operation * is associative.

(iv) It is known that:

L.C.M.ofaandl=a=LCM.1landalaeN

=a*l=a=1*aldaeN

Thus, 1 is the identity of * in N.

(v} An element @ in N is invertible with respect to the operation * if there exists an

glement bin N. suchthata*b=e=56* a.
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Here, e = 1

This means that:
L.CMofaandb=1=LCMaofbanda

This case is possible only when a and b are equal to 1.

Thus, 1 is the only invertible element of N with respect to the operation *.

Question 7:

Is * defined on the set {1, 2, 3, 4,5} bya * b = L.C.M. of 3 and b a binary operation?
Justify your answer.

Answer

The operation * on the set A = {1, 2, 3, 4, 5} is defined as

a*b=LC.M. ofaandb.

Then, the operation table for the given operation * can be given as:

111 2 3 4 5

4141 4 |12 4 | 20

51511015 )20] 5

It can be observed from the obtained table that:
3¥2=2*3=6¢A,5%2=2*5=10gA, 3%4=4*%3=12¢A
3*5=5*3=15¢4,4*5=5*4=20¢A

Hence, the given operation * is not a binary operation.

Question 8:

Let * be the binary operation on N defined by a * b = H.C.F. of g and b. Is *
commutative? Is * associative? Does there exist identity for this binary operation on N?
Answer

The binary operation * on N is defined as:

a*b=HCF.ofgandb

It is known that:

H.C.F.ofaand b =H.C.F.of band a O a, b € N.

sa*b=b%*s3

Thus, the operation * is commutative,

For a. b. c € N. we have:
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e e e

(a*b)*c=(H.C.F.ofaand b) *c=H.C.F.ofa, b, and c

a*b*c)=a*H.C.F.of bandc¢c) = H.C.F. of a, b, and ¢

Na*h)*c=a*(b*c)

Thus, the operation * is associative.

Now, an element e € N will be the identity for the operation *ifa*e=a=e*a Vae
N.

But this relation is not true for any a € N.

Thus, the operation * does not have any identity in N.

Question 9:
Let * be a binary operation on the set Q of rational numbers as follows:
(Da*b=a—-b(ila*b=a*+b*
(iNa*b=a+ablivia*b=_(a-b)P
a*h=—
(v) 4 (vi)a* b = ab®
Find which of the hinary operations are commutative and which are associative.
Answer
(i) On Q, the operation * is definedasa *b =a - b.

It can be observed that:

#—% l.,lEQ
~2 3 312 ;1.".rl’1ere2 3

Thus, the operation * is not commutative.

It can also be observed that:
(I I] | | l] 1 1.1 1 1 2=3 -]
—— = ——— | == — - = =—
2 3) 4 2 3)4 6 4 6 4 12 12
I [I ]] I (I I] 1 1 [ -1 5
—] el e W e — e T — s — e
2 13 4 2 13 4 2 12 2 12 12 12
(l*l]mlil-{ltl] : where l l lEQ
2 3) 4 213 4 2 3 4

Thus, the operation * is not associative.

(ii) On Q, the operation * is defined as a * b = a% + b
Fora, b e Q, we have:

ath=a’+b =b" +a’ =b*a

ra*b=>b*a

Thus, the operation * is commutative.

It can be observed that:
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(1*2}*3=(12+2“)t3=(1+4)*4=5*4=51+4= =4]
1#(2#3)=1%(2+3%) =1%(4+9)=1*13=1" +13" =169

S(1%2)*3#1%(2%3) s where 1.2.3 €Q

Thus, ,the operation * is not associative,

(iii) On Q, the operation * is defined asa * b = a + ab.
It can be observed that:

1*2=1+1x2=1+2=3

2*1=2+2x1=2+2=4

S1*22 2% s where 1,2 €Q

Thus, the operation * is not commutative,

It can also be observed that:
{I*Z}*3=(I+Ix2}*3=3*3=3+3x3=3+9=|2
1#(2#3)=1%(2+2x3)=1*8=1+1x8=9

S(1#2)*3#1%(243) ; where 1,2,3 €Q

Thus, the operation * is not associative.

(iv) On Q, the operation * is defined by a * b = (@ — b)%.
Fora, b e Q, we have:

a*b=(a-b?
b*a=(b-a)Y¥=[-(a-b)]*=(a-b)?
~a*b=>b*a

Thus, the operation * is commutative,

It can be observed that:
(1%2)#3=(1-2) *3=(-1) *3=1*3=(1-3)" =(-2) =4
I#(2#3)=1%(2-3) =1=(-1) =1*1=(1-1)" =0

c(1#2)#3#1%(243) s where 1,2.3 €Q
Thus, the operation * is not associative.

ax*h= ﬂ
(v) On Q, the operation * is defined as

Fora, b e Q, we have:
g*h=_=_=b$a

~a*bh=h*a
Thus. the aneration * is commutative.
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My mn e e s i e n e e

Fora, b, c € Q, we have:

ab.(_
(a#b}*c:ﬂb*(_'z 4 =ﬂbf'
4 416

a_bc'
a*[f}*('}:u*bcz 4 :abc
4 ) 16

a*b)*c=a*(b*c)
Thus, the operation * is associative,
(vi) On Q, the operation * is defined as a * b = ab?

It can be observed that:

Thus, the operation * is not commutative.

It can also be observed that:

o~
D | -

E3
LJ)I—
R —

L
e | —
pd | =

Thus, the operation * is not associative.
Hence, the operations defined in (ii), (iv), (v) are commutative and the operation defined

in (v) is associative,

Question 10:
Find which of the operations given above has identity.

Answer
An element e € Q will be the identity element for the operation * if

a*e=a=e*a, VaeQ.
However, there is no such element e € Q with respect to each of the six operations
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satisfying the above condition.

Thus, none of the six operations has identity.

Question 11:

Let A = N x N and * be the binary operation on A defined by
(a, b) *(c,d)=(a+c, b+ d)

Show that * is commutative and associative. Find the identity element for * on A, if any.
Answer

A=N=xN

* is a binary operation on A and is defined by:

(a, b) *(c,d)=(a+c b+d)

Let (a, b), (c, d) e A

Then,a, b, c, de N

We have:

(a, b) * (c,d)=(a +c, b +d)

(c, dy*(a, b)=(c+a d+b)=(a+c b+d

[Addition is commutative in the set of natural numbers]

~(a, b) * (c, d) = (¢, d) * (a, b)

Therefore, the operation * is commutative.

Mow, let (a, b), (c, d), (e, ) el

Then,a, b, c, d, e, feN

We have:
((a.b)*(c.d))*(e. f)=(a+c. b+d)*(e. f)=(a+c+e. b+d+ )
{a.h}*({c.d}*[e.f))=(GJJ)*({'+E.. d+ f)=(a+c+e, b+d+ [)

“A(a.b)*(e.d))*(e. /) =(a.b)*((c.d)*(e. /)
Therefore, the operation * is associative.

e=(e.e,)eA

An element will be an identity element for the operation * if

a*e=a=e*aV H=[ﬂ|,H:)EA’ ie., (a+e.a,+e)=(a.a,)=(e +a.e,+a),

not true for any element in A.

Therefore, the operation * does not have any identity element.

Question 12:

State whether the following statements are true or false. Justify.

(i) For an arbitrary binary operation * onasetN,a*a=a Va * N.

(i) If * is a commutative binary operation on N, thena * (b *c) =(c* b) * 2
Answer

(i Nefine an nnaratinn * an N ac:
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U
a*b=a+b Va, beN

Then, in particular, for b = a = 3, we have:
3*¥3=3+3=0=3

Therefore, statement (i) is false.

(i)RHS. = (c*b)*a

= (b *c) * a[*is commutative]

=a*(b* c)[Again, as * is commutative]
= L.H.5.

~a*(b*c)=(c*b)*a

Therefore, statement (ii) is true,

Question 13:

Consider a binary operation * on N defined asa * b = a°® + b®. Choose the correct
answer.

(A) Is * both associative and commutative?

(B) Is * commutative but not associative?

(C) Is * associative but not commutative?

(D) Is * neither commutative nor associative?

Answer

On N, the operation * is defined as a * b = 37 + b,

For, a, b, € N, we have:

a*b=2a"+b>=>b*+3°=b * a3 [Addition is commutative in N]
Therefore, the operation * is commutative.

It can be observed that:
(152)#3=(1"+2")*3=9%3=9"+3"=729+27=756
I#(2#3) =1%(2"+3") = 1#(8+27) =1x35=1"+35" = 1+(35)" =1+42875 = 42876

A1*F2)*3=1*(2*%3);, wherel,2,3eN
Therefore, the operation * is not associative.

Hence, the operation * is commutative, but not associative. Thus, the correct answer is
B.

Miscellaneous Questions:

Question 1:

Let f: R — R be defined as f(x) = 10x + 7. Find the function g: R - Rsuchthatgo f=Ff
og = 1g.
Answer

It is given that f2 R — R is defined as fix) = 10x + 7.
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One-one:

Let f{x) = fly), where x, y eR.

= 10x+ 7 =10y + 7

Sx=y

~ fis a one-one function.

Onto:

ForyeR, lety = 10x + 7.
y=7

10

=X =R

Therefore, for any v € R, there exists 10 such that

f{x}=f[}:}?]ﬂl}['v_?}r?'=J’—7+?=y.

l 10
~ fis onto.
Therefore, fis one-one and onto.

Thus, fis an invertible function.

=7
g(v)="—.
Let us define g: R — R as 10

Mow, we have:

(lﬂx+?)—? C10x

gaf(x):g(f{x})zg(lﬁx+?}: 10
10 10
And,
y=7 y=7
.ﬁgbﬂ=fT§Lﬂ)=f{|0 ]=H{ ”)]+7=I‘7+7=F
- gof =1y and fog =1,
y=17

g(y)=-

Hence, the required function g: R — R is defined as 10

Question 2:

Let f: W — W be defined as fin) = n — 1, ifis odd and f(n) = n + 1, if n is even. Show
that fis invertible. Find the inverse of f. Here, W is the set of all whole numbers.
Answer

It is given that:

n-1, ifnis odd
n+1,ifn is even

()]

f:+ W — W is defined as

One-one:
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Let f(n) = Am).
It can be observed that if n is odd and m is even, then we will haven — 1 = m + 1.
=n-m=2
However, this is impaossible.
Similarly, the possibility of n being even and m being odd can also be ignored under a
similar argument.
~Both n and m must be either odd or even.
Now, if both n and m are odd, then we have:
finy=fm)y=n-1=m-1=n=m
Again, if both n and m are even, then we have:
fimM=fm=n+1=m+1=n=m
~fis one-one.
It is clear that any odd number 2r + 1 in co-domain N is the image of 2r in domain N
and any even number 2r in co-domain N is the image of 2r + 1 in domain N.
~fis onto.
Hence, fis an invertible function.
Let us define g: W — W as:
m+1, if m is even
g(m}={

m=1, 1fmis odd

Now, when n is odd:
Hﬁf{”)=£(f(ﬂ}]=5:(H—1}=n—l+1=n
And, when n is even:

gof (n)=g(f(n))=g(n+1)=n+l-1=n
Similarly, when m is odd:
fog(m)=f(g(m))=f(m=1)=m-1+1=m
When m is even:

fog(m)= f(g(m))=f(m+1)=m+1-1=m
.~ gof =1, and fog =1y

Thus, fis invertible and the inverse of fis given by £ ! = g, which is the same as f.

Hence, the inverse of fis fitself.

Question 3:
If R — R is defined by f{x) = x> — 3x + 2, find f(f{x)).
Answer

It is given that f R — R is defined as f{x) = x* — 3x + 2.
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f(f(x))=f(x" —3x+2)
=(x" =3x+2) -3(x ~3x+2)+2

=x 40t +4-6x" —12x+ 43" —3x" +9x—6+2

=x"—6x’ +10x" =3x

Question 4:

X

Show that function f: R — {x € R: —1 =< x < 1} defined by f(x) = I+

and onto function.

Answer

Itisgiventhat R - {xeR: —1 < x < 1} is defined as f(x) =

Suppose f(x) = f{y), where x, v € R.

X
1+|x] 14y

X

1+ |1|

x _
‘ 1 , ¥ ER is one-one

It can be observed that if x is positive and y is negative, then we have:

x v
—=—=>7r_1 =x—y
I+x 1-y
Since x is positive and y is negative:
X=y=2x—-y=0
But, 2xy is negative.

Then, Zxy#x—y

Thus, the case of x being positive and y being negative can be ruled out.

Under a similar argument, x being negative and y being positive can also be ruled out

o x and v have to be either positive or negative.

When x and y are both positive, we have:

‘l:l
x} j{;l:>—: — D X+XY =S YAV D=y
I+x 1+

When x and y are both negative, we have:

f('r}:f‘{.")jlirx:%:% X—Xy=y— X —x=y

~ fis one-one.
Mow, let ¥ € R such that -1 = y < 1.

y

X= R

If v is negative, then there exists

[y ) y

I+y such that
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(i)l B
ENEL N EA T
1+ y

l_J
r=—eR

If v is positive, then there exists l=y such that

[ "'? -!‘
1=y -y v
_ yo . .

% -|+ ¥ -|—_lr‘+‘l‘_‘
-y 1=y

Hence, fis one-one and onto.

1+

f(r}=f[lf’_v]=

1+

~ fis onto.

Question 5:

Show that the function f: R — R given by f(x) = x* is injective.
Answer

f- R — Ris given as f(x) = x°.

Suppose fix) = f{y), where x, v € R,

=x =y .. (1)

Mow, we need to show that x = y.

Suppose x = y, their cubes will also not be equal.

= = )7

However, this will be a contradiction to (1).

ax=y

Hence, fis injective.

Question 6:

Give examples of two functions 2 N - Z and g: Z — Z such that g o fis injective but g is

not injective.

(Hint: Consider f(x) = x and g(x) = |‘TI:r

Answer

Definef: N+ Zas f{x) =xandg: Z » Z as g(x) = |t’| .
We first show that g is not injective.

It can be observed that:

g(-1) = 171

o1y = MN=!
~g(—1) = g(1), but -1 = 1.

~ g is not injective.
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gof (x)=g(f(x))=g(x)=x|
Let x, v € N such that gof(x) = gof(y).

S bl=In

Since x and y € N, both are positive.

Now, gof: N — 2 is defined as

A== x =y

Hence, gof is injective

Question 7:

Given examples of two functions f N — N and g: N — N such that gof is onto but fis

not onto.
x=lifx>1
gm:{l ifx=1
(Hint: Consider f{x) = x + 1 and =
Answer
Define f2 N — N by,
fix)=x+1
And, g: N — N by,
x=lifx>1
x)=
8(x) {1 ifx=1

We first show that g is not onto.

For this, consider element 1 in co-domain N. It is clear that this element is not an image
of any of the elements in domain N.

=~ fis not onto.

Now, gof: N — N is defined by,
gof (x)=g(/(x))=g(x+1)=(x+1)-1 [_TEN:>(_T+])>|:|

=X
Then, it is clear that for v € N, there exists x = y € N such that gofix) = v.

Hence, gof is onto.

Question 8:

Given a non empty set X, consider P(X) which is the set of all subsets of X,

Define the relation R in P(X) as follows:

For subsets A, B in P(X), ARB if and only if A c B. Is R an equivalence relation on P(X)?
Justify you answer:

Answer

Since every set is a subset of itself, ARA for all A € P(X).

~R is reflexive.

Let ARB = A c B.

This cannot be implied to B c A,
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For instance, if A = {1, 2} and B = {1, 2, 3}, then it cannot be implied that B is related
to A.

=~ R 1s not symmetric.

Further, if ARB and BRC, then Ac Band B c C.

=AcC

= ARC

~ R is transitive.

Hence, R is not an equivalence relation since it is not symmetric.

Question 9:

Given a non-empty set X, consider the binary operation *: P(X) x P(X) — P(X) given by
A*B=ANB0OA, BinP(X)is the power set of X. Show that X is the identity element
for this operation and X is the only invertible element in P(X) with respect to the
operation®,

Answer

kisgwenHmt*ﬂﬂl)xP{A)—}PLYﬁsdﬂhwdu&4*3=n4ﬁ£foLHEP(A]_

We Kknow that AN X =A=XnA4 *G"AEP{X}I

S A*X=A=X*AV AcP(X)

Thus, X is the identity element for the given binary operation *,

Now, an element Ae P(X}is invertible if there exists Be P(A ]such that

A*B=X=B=*A (As X" is the identity element )

i.e.,

AnB=X=BnA

This case is possible only when A = X = B.

Thus, X is the only invertible element in P(X) with respect to the given operation®.

Hence, the given result is proved,

Question 10:

Find the number of all onto functions from the set {1, 2, 3, ..., n} to itself.

Answer

Onto functions from the set {1, 2, 3, ... ,n} to itself is simply a permutation on n symbols
i, 2, .., n.

Thus, the total number of onto maps from {1, 2, ..., n} to itself is the same as the total

number of permutations on n symbols 1, 2, ..., n, which is n.

Question 11:
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letS={a, b, ctand T= {1, 2, 3. Find F* of the following functions F from 5 to T, if it

exists.

(1) F={(a, 3), (b, 2), (¢, 1)} (1) F = {(a, 2), (b, 1), (c, 1)}

Answer

S5={a b,c}, T={1,2, 3}

(i) F: § — Tis defined as:

F={(a, 3), (b, 2), (c, 1)}

=F(a)=3,F(b)=2,Flc)=1

Therefore, F1: T — S is given by

F'={(3,a), (2, b), (1, O)}.

(ii) F: § — Tis defined as:

F={(a 2), (b, 1), (c, 1)}

Since F (b) = F(c) = 1, Fis not ane-one.

Hence, F is not invertible i.e., F! does not exist.

Question 12:

Consider the binary operations*: R xR — and 0: R x R — R defined as u*h=|ﬁ_b|and
aob =a, Oa, b e R. Show that * is commutative but not associative, o is associative
but not commutative. Further, show that Oa, b, ce R, a*(boc) =(a * b)o (a * o). [If
it is s0, we say that the operation * distributes over the operation o]. Does o distribute
over *? Justify your answer.

Answer

It is given that *: R xR — and o: R x R — R isdefined as

ﬂh: —h
“ |” |andaob=a,Da,bER.

Fora, b € R, we have:

a*b:|a—b

bra=|b—a =|—{u—h)| = |a—b|
a*b=>b%*a
~ The operation * is commutative.

It can be observed that,
(1#2)#3=([1-2|)*3=1*3=|1-3|=2
1%(2#3)=1%(|2-3[) =1*1=[1-1|=0

s (1#2)#321%(2%3) (where 1,2,3€R)

~The operation * is not associative,

Mow, consider the operation a:

It can be observed that1o2=1and 201 = 2.
21o02=201(wherel,2eR)

~The operation o is not commutative.

Free Pdf Download from Exxamm.com




Let a, b, ¢ € R. Then, we have:
(aobloc=ao0c=a
dolboc)=ao0b=a
=adob)oc=aoc(boc)

-~ The operation o is associative,

Mow, let a, b, c € R, then we have:

_la-4)

a*(boc)=a*b

(ja—H)o(|a—c]) =|a~

(a*blo(a*c) =
Hence,a *(boc)=(a*b)o(a*c).

Now,

to(x3 < o(2-3)=101=]

[102)*{103)=1*1=|I_l|:0

»1o(2*%3)=(102)*(103) (wherel, 2, 3eR)

++ The operation o does not distribute over *,

Question 13:

Given a non-empty set X, let *: P(X) x P(X) — P(X) be definedas A *B=(A-B)u (B
- A), OA, Be P(X). Show that the empty set @ is the identity for the operation * and all
the elements A of P(X) are invertible with A™* = A. (Hint: (A — @) u (® — A) = A and (A
~AU(A—A)=A*A=0).

Answer

It is given that *: P(X) % P(X) — P(X) is defined as
A*B=(A—-B)u(B—-A)OA, Be P(X).

Let A € P(X). Then, we have:

A*P=(A-Q)u(@-A)=AUD=A

D*FA=(@-A)u(A-D)=QUA=A

CA*O=A=0*A. 0OAE€eP(X)

Thus, @ is the identity element for the given operation®.

Mow, an element A € P(X) will be invertible if there exists B € P(X) such that
A*B=@0=B%*A. (As ©is the identity element)

Now, we observed that Asd=(A-A)u(A-A)=¢pup=¢ VAeP(X) .

Hence, all the elements A of P(X) are invertible with A™* = A,

Question 14:
Define a binary operation *on the set {0, 1, 2, 3, 4, 5} as

a+b, ifa+h<6
arh=
adh—A WWeaah=A
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Show that zero is the identity for this operation and sach element a = 0 of the set is
invertible with 6 — a being the inverse of a.
Answer
let X = {0, 1,2, 3,4, 5}.
The operation * on X is defined as:
a+b ifa+bh<6
a*h= .
a+bh-6 ifa+bz=6

An element e € X is the identity element for the operation *, ifd*¥e=a=¢*a Vaec X.
Fora € X', we observed that:

a*0=a+0=a [ae X = a+0<6]

O*xa=0+a=a [(JEX:‘-G+U{6]

sLarl=a=0*a Vaec X

Thus, 0 is the identity element for the given operation *.

An element a € X is invertible if there exists be X' such thata *b=0=5h * a.
. |a+b=0=b+a, ifa+b<6

I£H{a+b—ﬁ=ﬂ=h+u—ﬁ, ifa+h>6

i.e.,

a=-borb=06-2a

But, X = {0,1,2,3,4, 5 and a, b € X. Then, a = —b.
«b=6—aistheinverse ofa O a e X.

Hence, the inverse of an elementaeX,a =0is6 —ai.e.,a '=6 — a.

Question 15:
letA={-1,0,1,2}, B={-4,-2,0,2}andf, g: A - B be functions defined by fix) =

g(x)=2
x* — x, x € A and

1
x——|-lLxeAd
)

. Are fand g equal?

Justify your answer. (Hint: One may note that two function - A - Band g: A — B such
that fla) = gla) Oa €A, are called equal functions).

Answer

It is given that A ={-1,0,1, 2}, 8B={-4, -2, 0, 2}.

Also, it is given that f, g: A — B are defined by f{x) = x> — x, x € A and

g(x)=2 ~l,xeAd

1
X——
-

It is ohserved that:

SN =) —(-1)=1+1=2

g(—l}=2|{—l}—%|—l=2[%}—l=3—]=2
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= /(-1)=g(-1).
£(0)=(0)"-0=0

g{[])=2|0—%‘—l=2[%}—1=1—]=U

= /(0)=g(0)

=01y =1=1-1=0
g{l}:?‘]—%|—l=2(%]—|=|—|=U
=/()=g(1)

2

F(2)=(2) —2=4-2=2
:-|=2[%]-1=3-|=2

2

g(2)=22->

=/(2)=¢(2)
o fla)=gla) Yaec 4

Hence, the functions f and g are equal.

Question 16:

let A = {1, 2, 3}. Then number of relations containing (1, 2) and (1, 3) which are
reflexive and symmetric but not transitive is

(A)1(B)2(C)3(D)4

Answer

The given setis A = {1, 2, 3}.

The smallest relation containing (1, 2) and (1, 3) which is reflexive and symmetric, but
not transitive is given by:

R ={(1, 1), (2, 2), (3, 3), (1, 2), (1, 3), (2, 1), (3, 1)}

This is because relation R is reflexive as (1, 1), (2, 2), (3, 3) € R.

Relation R is symmetric since (1, 2), (2, 1) eR and (1, 3), (3, 1) eR.

But relation R is not transitive as (3, 1), (1, 2) e R, but (3, 2) ¢ R,

Mow, if we add any two pairs (3, 2) and (2, 3) (or both) to relation R, then relation R will
become transitive.

Hence, the total number of desired relations is one.

The correct answer is A.

Question 17:

Let A = {1, 2, 3}. Then number of equivalence relations containing (1, 2) is
(Ay1(B)2(C)3(D)4

Answer

It is given that A = {1, 2, 3}.

The smallest equivalence relation containing (1, 2} is given by,

Free Pdf Download from Exxamm.com




Ry = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 1)}

Mow, we are left with only four pairs i.e., (2, 3), (3, 2), (1, 3), and (3, 1).

If we odd any one pair [say (2, 3)] to Ry, then for symmetry we must add (3, 2). Also,
for transitivity we are required to add (1, 3) and (3, 1).

Hence, the anly equivalence relation (bigger than Ri) is the universal relation.

This shows that the total number of equivalence relations containing (1, 2) is two.

The correct answer is B.

Question 18:
Let f: R — R be the Signum Function defined as

I, x>0
f(x)=10, x=0
-1, x<0

and g: R — R be the Greatest Integer Function given by g(x) = [x], where [x] is
greatest integer less than or equal to x. Then does fog and gof coincide in (0, 1]7?
Answer

It is given that,

f: R - Ris defined as
Also, g: R — R is defined as g(x) = [x], where [x] is the greatest integer less than or
equal to x.

Mow, let x € (0, 1].

Then, we have:

[x]=1ifx=1and[x] =0if0 < x < 1.

f{l) ifx= ., ifx=1
)= )= Tl o
gof (x)=g(/(x))
:g(l} [I}'D]
=[1]=1
Thus, when x € (0, 1), we have fog(x) = Oand gof (x) = 1.

Hence, fog and gof do not coincide in (0, 1].

Question 19:

Number of binary operations on the set {a, b} are
(A) 10 (B) 16 (C) 20 (D) 8
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Answer
A binary operation * on {a, b} is a function from {a, b} x {a, b} — {a, b}
i.e., ¥ is a function from {(a, a), (a, b), (b, a), (b, b)} — {a, b}.

Hence, the total number of binary operations on the set {a, b} is 2% i.e., 16.
The correct answer is B.
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