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Exercise 11.1

Question 1:

If a line makes angles 90°, 1352, 45° with x, y and z-axes respectively, find its direction
cosines.

Answer

Let direction cosines of the line be /, m, and n.
I =cos90°=10

m=cosl35°=-

5=

|
n=cosd5’ = —

V2

0 ! and !
Therefore, the direction cosines of the line are ‘E “J'E
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Find the direction cosines of a line which makes egqual angles with the coordinate axes.

Answer

Let the direction cosines of the line make an angle g with each of the coordinate axes.

~l=cosa, m=cosa,n=cosa

F+m +n =1
= C05 a+cos a+cos a=1

— 3cos" =1

5 |
= COs8™ X =—

|
= cosa=%t—
3
Thus, the direction cosines of the line, which is equally inclined to the coordinate axes,
| 1
+—,+t—,and +t—

1
are V3 V3 V3

Question 3:
If a line has the direction ratios —18, 12, —4, then what are its direction cosines?
Answer

If a line has direction ratios of —18, 12, and —4, then its direction cosines are

-18 12 -4

J{—lﬂ}‘+(lz}’+[—4}: J{—lﬂ}:+[12}:+{—4}: J(—|3f+[12}:+(—4}1
o 18 12 4
22’2
0 6 -2
1711 11

ol

and

9 6 -

—_—

Thus, the direction cosines are 1’ I

Question 4:

Show that the points (2, 3, 4), (-1, —2, 1), (5, 8, 7) are collinear.

Answer

The given points are A (2, 3, 4),B(—-1,—2,1),and C (5, 8, 7).

It is known that the direction ratios of line joining the points, (x1, y1, 21) and (x2, ya, Z2),
are given by, x; — x4, ¥2 — y1, and zz — 2.

The direction ratios of AB are (-1 — 2), (-2 — 3),and (1 — 4) i.e., -3, =5, and -3.
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The direction ratios of BCare (5 — (— 1)), (8 — (— 2)), and (7 — 1) i.e., 6, 10, and &.
It can be seen that the direction ratios of BC are —2 times that of AB i.e., they are
proportional.

Therefore, AB is parallel to BC. Since point B is common to both AB and BC, points A, B,

and C are collinear.
Question 5:

Find the direction cosines of the sides of the triangle whose vertices are (3, 5, — 4}, (—
1,1,2)and (= 5, — 5, — 2)
Answer

The vertices of AMBC are A (3,5, —4),B(-1,1, 2),and C (-5, =5, —2).

A (3,5 4

B2 ¢

(-5.-5.-2)

The direction ratios of side AB are (-1 — 3), (1 — 5), and (2 — (—4)) i.e., —4, —4, and &.

Then,y(~4)" +(~4)" +(6)° =16+16+36

=68
=217
Therefore, the direction cosines of AB are
—4 -4 ¢ "€ J 6
V=) (=) +(6) (=) +(=4)" +(6)" (4" +(=4)"+(6)
-4 4 6
2177 207 217

-2 -2 3

V7177
The direction ratios of BC are (-5 — (—1)), (-5 — 1), and (-2 — 2) i.e., —4, —6, and —4.
Therefore, the direction cosines of BC are

— —6 —4

V) +(=6) (=) () +(=6) +(=4) () +(=6) +(~4)

— —6 —4
2177 2177 2317

The direction ratios of CAare (-5 — 3), (-5 - 5), and (-2 — (—4)) i.e., —8, —10, and 2.

Therefore, the direction cosines of AC are

-8 -5 2
J8) +(10) +(2) J(-8) +(10) +(2) (-8) +(10) +(2)
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-8 =10 2

2427 2427 22

Exercise 11.2

Question 1:

Show that the three lines with direction cosines

23441233 412

137137137 137137137 13713713 are mutually perpendicular.

Answer

Two lines with direction cosines, [, my, ny and lz, mz, n2, are perpendicular to each
other, if iz + Mumz + mnz =0

12 -3 -4 4 12 3

(i) For the lines with direction cosines, 13713713 and 13713 13, we obtain

12 4 (=3} 12 (-4} 3
Wy +mm, +nn, = —x—+| — x|_?.+ —|x=

13713 (13 13)713
48 36 12

T169 169 169

=0

Therefore, the lines are perpendicular.
4 12 3 3 412

(ii) For the lines with direction cosines, 13713713 and 13713713 . we obtain

4 3 12 [—4] 312
W +mm, +nn,=—x-—+—x| — [+ =x—=
13 13 13 L13) 13 13

_ 1248 . 36

169 169 169

=10
Therefore, the lines are perpendicular.
3 412 12 -3 -4

(iii) For the lines with direction cosines, 13713713 and 13713713 , we obtain

3 12 -4 -3 12 —
I, +mm, +nn, =[—]x[—]+[—]>{_J+[_]x[_]
I3 13 13 13 13 I3

_36 12 48
169 169 169
=0

Therefore, the lines are perpendicular.

Thus, all the lines are mutually perpendicular.
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Question 2:

Show that the line through the points (1, —1, 2) (3, 4, —2) is perpendicular to the line
through the points (0, 3, 2) and (3, 5, &).

Answer

Let AB be the line joining the points, (1, -1, 2) and (3, 4, — 2}, and CD be the line
joining the points, (0, 3, 2) and (3, 5, &).

The direction ratios, a,, by, ¢y, of ABare (3 — 1), (4 — (-1)),and (-2 — 2) i.e., 2, 5, and
-4,

The direction ratios, a,, b;, ¢;, of CD are (3 — 0), (5 — 3), and (6 —2) i.e., 3, 2, and 4.
AB and CD will be perpendicular to each other, if 318, + bybs+ ¢y = 0

818, + bbb+ i =2%x34+5x24+(—4)x4

=6+ 10 — 16

=0

Therefore, AB and CD are perpendicular to each other.

Question 3:

Show that the line through the points (4, 7, 8) (2, 3, 4) is parallel to the line through the
points (-1, =2, 1), (1, 2, 5).

Answer

Let AB be the line through the points, (4, 7, 8) and (2, 3, 4), and CD be the line through
the points, (-1, -2, 1) and (1, 2, 5).

The directions ratios, a4, by, ¢q, of AB are (2 — 4), (3 - 7), and (4 — 8) i.e., -2, —4, and
-4,

The direction ratios, a2, ba, ¢z, of CD are (1 — (—-1)), (2 — (=2)),and (5 - 1) i.e., 2, 4,
and 4.

4. _h_a

AB will be parallel to CD, if 2 b, ¢
a -2 B
a, 2 :
b -4 1
b, 4
a_.f_
c, 4

a b g

a, b, e

Thus, AB is parallel to CD.
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Question 4:

Find the equation of the line which passes through the point (1, 2, 3) and is parallel to

the vectoraj +2j-2k .

Answer

It is given that the line passes through the point & (1, 2, 3). Therefore, the position

vector through A is @ =142/ +3k

b=3i+2j-2k

It is known that the line which passes through point A and parallel to bis given by

F=a+Ab, where 4 ;. o onctant.

:>F=f+2j‘+3£+;1(3?+2j—2§]

This is the required equation of the line.

Question 5:

Find the equation of the line in vector and in Cartesian form that passes through the

point with position vector 2i =) +4k and is in the direction L+2) -k .

Answer

It is given that the line passes through the point with position vector

=2i—j+4k (1)

+27 -k w(2)

Cal|
1l
b T3

It is known that a line through a point with position vector @ and parallel to bis given by
the equation, F=d+Ab

—F= zf-j+4£+4(f+3j-£)

This is the required equation of the line in vector form.

+ 2k

- A

F=xi—y
= xi — yj + 2k :{£+2]f+{2i—l}}+[—£+4}£
Eliminating A, we obtain the Cartesian form equation as
x=2 y+l_z-4

I 2 -1

This is the required equation of the given line in Cartesian form.

Ouestion 6:
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Find the Cartesian equation of the line which passes through the point

xX+3 y-4 z+8

(-2, 4, —5) and parallel to the line given by 3 - 6
Answer
It is given that the line passes through the point (-2, 4, —5) and is parallel to
x+3 v-4 =z+8
3 s 6

x+3 y-4 z+8

The direction ratios of the line, 3 5 6 sare 3,5, and &.

x+3 yv-4 =z+8

The required line is parallel to 3 5 6
Therefore, its direction ratios are 3k, 5k, and &k, where k = 0
It is known that the equation of the line through the point (%1, v1, 21) and with direction

X=X, _y-y _zI-z

ratios, a, b, c, is given by @ b ¢
Therefore the equation of the required line is

x+2 y-4 z+5

3k Sk 6k

x+2 yv—-4 =45
s | == = =.l'|‘,
3 5 6

Question 7:
x-5 y+4 z-6

The Cartesian equation of a line is 3 7 2 | Write its vector form.

Answer
The Cartesian equation of the line is
x=5 y+4 z-6
= = i {l)
3 7 2

The given line passes through the point (5, —4, &). The position vector of this point is

a=5i-4j+6k
Also, the direction ratios of the given line are 3, 7, and 2.

This means that the line is in the direction of vector, b=3i+7j+2k

It is known that the line through position vector d and in the direction of the vector D is

given by the equation, F=a+Ab,AeR

=7 =(5I-4j+6k)+ (37 +7]+2k)

-l :_ t_ xl. . . _..= R . T N S T -
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I NIS 15 The required equation or the given nne in vector TOrm.

Question 8:
Find the vector and the Cartesian equations of the lines that pass through the origin and

(5, —2, 3).
Answer
The required line passes through the origin. Therefore, its position vector is given by,
a=0 (1)

The direction ratios of the line through origin and (5, —2, 3) are
(5—0)=5,(-2-0)=-2,(3-0)=3

- i

The line is parallel to the vector given by the equation, b=5i-2j+3k

The equation of the line in vector form through a point with position vector dand parallel
to bis, F=d+2Ab, AcR

— F =ﬂ+/l(5f—2_}+3ﬂ

=7 = A5 -2j+3k)

The equation of the line through the point (xy, y1. 2;) and direction ratios a, b, c is given

X-X, _¥Y-¥» _z-z

by, @ b c
Therefore, the equation of the required line in the Cartesian form is
x—0 y-0 =z-0

5 -2 3

—

L | By

s
-2

L | =

Question 9:
Find the vector and the Cartesian equations of the line that passes through the points (3,

-2, -5), (3, -2, 6).

Answer

Let the line passing through the points, P (3, -2, -5)and Q (3, -2, &), be PQ.
Since PQ passes through P (3, —2, —5), its position vector is given by,
a=3i-2j-5k

The direction ratios of PQ are given by,
(3-3)=0,(-2+2)=0,(6+5)=11

The equation of the vector in the direction of PQ is

b=0i-0j+11k=11k
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The equation of PQ in vector form is given by, 7 =@+ 40, A€ K
=7 =(31-2]-5k)+11k

The equation of PQ in Cartesian form is

X=X, _y-y _z-z

a b ¢ je.,

Question 10:

Find the angle between the following pairs of lines:

r=2i-5j+k+2(31-2]+6k)and
(M

r= Tf—ﬁffﬂi(f +2}'+2§)
- F=3¢’+j—:£+i(f—j—:£]
r= :f—j—ﬁﬁhy[m’ —5}'—415)

and

Answer

(i) Let Q be the angle between the given lines.

cosQ = 12

b, =3r‘+2j+6kand E:r:=:+2j+2k;

I
(=t

The angle between the given pairs of lines is given by, ‘
The given lines are parallel to the vectors,
respectively.

‘5,‘: ¥ 4246 =7

B = (1) +(2) +(2) =3
b -b, =[3f+2}+6§)-{5+2}+25)
=3x1+2%x2+6x2

=3+4+12
=19

19

T=3
19

= (J=cos [E]

= cosQ =

(ii) The given lines are parallel to the vectors, b=i—j-2k 4 b=3i-5]—4 ,
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I:ES_pecth.rer.
~[B[= ) + (1) +(-2) =6
B = 3] +(5) +(~4) =50 = 512

&-53=[f—j—2£]~(3f—5j—4é)
3-1(-5)-2(-4)
=3+5+8
=16
b, -b.
cosQ ==
166,
= cosQ 16 16 16
C
V652 2352 1043
8
= cos0=—=
5v3
8
= =cns'[—}
Q 5%
Question 11:
Find the angle between the following pairs of lines:
_— | | - - 2 | J— -
x-2_) ]='+3and X+2 ) 4=- 5
(i) 2 5 -3 -1 8 4
Y_V_Zod x-5 y-2 z-3
(i) 2 2 1 4 | 8
i Answer

ii. Let b and “be the vectors parallel to the pair of lines,

x-2 y-1_z+3 d:r+2__1'—4_:-5
2 5 -3 -1 8 4 | respectively.
b] 2i+5) - 3kand =—l+8__i'+4!::

J +{5 },=J3_3
| J=1) +(8) +(4} =J81=9
b, - b, =(7: +5) - '-Hc) —r+3;+4k}

=2(=1)+5x8+(-3)-4
==-2+40-12
—
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= &L

The angle, Q, between the given pair of lines is given by the relation,

b, b

cos Q==
a

ﬂcuﬁQ:%

a4 26
= (=cos (—q\fﬁ]

(ii) Let by, b, be the vectors parallel to the given pair of lines,

x=5 _ y-5 _ z-3

4 1 8 respectively.

by=2i+2j+k

b, =4i+ j+8k

“[B|=y(2) +(2) +(1) =\ =3

By =H +F 48 = BT=9

b, -b, =[2f+2}+§)+[4f+}+3§)
=2x44+2x1+1x8

=8+2+8
=18

I
]

1"

cos() = —‘ |

I

=al]

&

If Q@ is the angle between the given pair of lines, then

18 _E
Ix9 3

Ceae ! 2
= () = cos [3]

= cosQ=

Question 12:

Find the values of p so the line
7-7x _y-5 _6-:z
3p I 5 are at right angles.

Answer
The given equations can be written in the standard form as
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x-1_y-2 z-3 x-1_y-5 z-6

-3 2p 2 3p 1 -5
7 and 7
2 =3
<P =P s
The direction ratios of the lines are —3, 7 , 2 and 7 respectively.

Two lines with direction ratios, a;, by, ¢; and az, ba, ¢z, are perpendicular to each other, if

didz + by bz + cucz = 0

.-.(—3}.[‘37”]+[27“J11]+z~[—s}=u

:;,E+E:|{}

7 7
=1lp=70
70
= p=—

11
70

Thus, the value of p is 1,

Question 13:
x=3_y+2_ 2z x_yoz
Show that the lines 7 -5 land 1 2 3are perpendicular to each other.
Answer
XPoy¥l_z  x_y_:z
The equations of the given lines are 7 5 1 and | 23

The direction ratios of the given lines are 7, =5, 1 and 1, 2, 3 respectively.
Two lines with direction ratios, a;, by, ¢; and az, ba, ¢z, are perpendicular to each other, if

did: + by b + cucz = 0

714+ (-58)=x2+1=x3
=7 -10+ 3
=0

Therefore, the given lines are perpendicular to each other.

Question 14:

Find the shortest distance between the lines

r=(i+2j+k)+a(i-j+k)and
;:2:7—,f—£+.1‘(2‘t+.;+2£)

Answer
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The equations of the given lines are
;:(f+2.}+£]+i(f-}+kﬂ)

F=20 - j—k+p(20+j+2k)

It is known that the shortest distance between the lines,
given by,

%, )-(a2 - a:
d= ( ] ( )‘ ...{I}

l6,x5,

Comparing the given equations, we obtain

I

b —
|
—

b = =

bxb,=(-2-1)i —(2-2) j+(1+2)k==3i + 3k
=

= (3 +(3) =\9+9 =18=32

Substituting all the values in equation (1), we obtain

EIXE‘:

(-3f+3£)~[f-3}'-2£]]

d=
32 j
_ o [B3(-2)
| 32
::-a’:-—g‘
W2
:,d:i: 33(‘6 :3\.‘{5

33

Therefore, the shortest distance between the two lines is 2 units.

Question 15:
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Find the shortest distance between the lines 7 —6 I and |
Answer

x+l  y+1 z+l x-3 y-5 =z=17

The given lines are 7 —6 I and | -2 I

It is known that the shortest distance between the two lines,

X=X, _Y-W _ 2= X=X Y-y, -z
a, b, < a, h, € is given by,
X — X, Y= W S5
dy b, G
a, b, c,

(1)

Ef = = 9 = ] = -
J{blc: -bye,) +(qa, —c.a,) +(ab,—ab)

Comparing the given equations, we obtain
x=-1 y=-1z=-1

a =7 b=-6¢=I

X, =3, »=5 z,=

a, =1, b,=-2 ¢, =1

X, — X, Y.—¥ -z |4 6 8
Then,| a, b, ¢, |=|7 -6 |
a, b, c, I -2 |
=4(-6+2)-6(7-1)+8(-14+6)
=-16-36-64
=-116

= \(r(’i'l‘*': =b.q }: + [‘“]1-'3 —L';ﬂ',}: +[u]h3 = a,bh, }2 = J(—6+2)2 +[1 + T): +(—14 +6}:
=J16+36+64
=116

= 2./29

Substituting all the values in equation (1), we obtain

-6 -58 -2x29
d=——x =22 =727 _ 1 /29
229 29 V29

Since distance is always non-negative, the distance between the given lines is

2029 it

Question 16:
Find the shortest distance between the lines whose vector equations are
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F=[f+2j +3£]+A(f ~3j +2£)
and r =4F+5j+ﬁ£+p(zf +3j+k)
Answer

= f+:}+31€+2(f—3}+2£] = 4f+5}+ﬁ£+y(1£+3j+£]
The given lines are and

F=a,+Ab, 4 F=ay+ b,

It is known that the shortest distance between the lines, is
given by,

b, xb, )-(a: - a:
g | ) e ) )

b x5,

Comparing the given equations with r=a,+Ah and " =% +,u'b:’ we obtain

G =i+2]+3k

d,

b o=i-3]+2k

ar=4i +5]+6k
b,=2i+3j+k

ar —a =(4.-:+5j+{-:§)—(f +2j+31§) =37 +3j+3k

k
-3 2 :{—3—ﬁ}fr{l-—4].}+{3+ﬁ}.‘;:—95+3j+9‘;
|

= b xb,|=|[(-9) +(3) +(9) = BI+9+81=171=3J19

(B,x5,)-(a: —5.):(—9§+3j+g£]-(3F+3_}*+3£)
=-9%x3+3Ix3+9x%3
=9

Substituting all the values in equation (1), we obtain

N
Jio

9

319

d =

5

Therefore, the shortest distance between the two given lines is units.

Question 17:

Find the shortest distance between the lines whose vector equations are
r=(1-t)i +(r=2) j+(3-2r)kand
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r=(s+1)i+(2s=1)j-(2s +1)k
Answer

The given lines are
r=(1=t)i +(t=2)j+(3-2)k
=r=(i=2j+3k )+o(-i + j-2k) (1)

r=(s+1)i +(25-1)j - (25 +1)k

:E:(f—}+f)+.~;(f+2_}—2.’;) -(2)
It is known that the shortest distance between the lines, r =E' +ib‘ and
given by,
b xb, )-(a: - a:
4= ) (, ) - (3)
by xb,| ‘

For the given equations,
:.i'| =;—2j+3kﬂ
EL=—E+}—2£
ar=i—j—k
E:=f+2}—2£
ar—ar=(i—j—k)-(i-2]+3k) = -4k

i _,.r k
bxb=-1 1 “2f=(=2+4)i = (2+2) j+(-2-1)k =2/ -4j -3k

| 2 -2

= le£:‘= J[2}3+{—4}:+(—3}: =Ja+16+9 =29
w(byxb,)-(a—a) = (2 —4]-3k)-(j-4k) =4 +12=8

Substituting all the values in equation (3), we obtain

8 8

V29| 29

d=

8
Therefore, the shortest distance between the lines is V29 units.

Exercise 11.3

Question 1:

In each of the following cases, determine the direction cosines of the normal to the plane
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and the distance from the origin.

(a)z = 2 (b) x+y+z=1

Answer
(a) The equation of the planeisz=2orOx + 0y + 2z =2 ... (1)

The direction ratios of normal are 0, 0, and 1.

N0 0T+ =]

Dividing both sides of equation (1) by 1, we obtain

Ox+0y+lz=2

This is of the form /x + my + nz = d, where [, m, n are the direction cosines of normal to
the plane and d is the distance of the perpendicular drawn from the origin.

Therefore, the direction cosines are 0, 0, and 1 and the distance of the plane from the
origin is 2 units.

(b)x+y+2z=1..(1)

The direction ratios of normal are 1, 1, and 1.

) (1) (1) =B

Dividing both sides of equation (1) b*_,r’ﬁ, we obtain
SLENNR B I 2)
NN N RN o

This equation is of the form [x + my + nz = d, where |, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

|
and —
J_ and the distance of

ﬂ—

1
Therefore, the direction cosines of the normal are J_
1

normal from the arigin is “"E units.
(c)2x+ 3y —2z=5..(1)

The direction ratios of normal are 2, 3, and —1.

J[Z}:+[3}:+[—If =14
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Dividing both sides of equation (1) by Jﬁ, we obtain

2 3 1 5
x+ V= z=
VidT 4T idT e
This equation is of the form [x + my + nz = d, where [, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

2 3 -1
—_—, ——,and ——
Therefore, the direction cosines of the normal to the plane are Jﬁ "ﬁ Jﬁ and

5

the distance of normal from the origin is Jﬁ units.
(d)Ssy+8=0

=0x—-5y+0z=8..(1)

The direction ratios of normal are 0, —5, and 0.

2AJ0+(=5) +0=5

Dividing both sides of equation (1) by 5, we obtain
8

_I'i-: —_

5

This equation is of the form [x + my + nz = d, where [, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

Therefore, the direction cosines of the normal to the plane are 0, —1, and 0 and the

8

distance of normal from the origin is 3 units.

Question 2:

Find the vector equation of a plane which is at a distance of 7 units from the origin and

normal to the vector3! +3J =6k

Answer

The normal vector is, = 3i+5j -6k

i 3 +5/-6k  3i+5)-6k

T Jor ey a6y V0

It is known that the equation of the plane with position vector ¥ is given by, "7 =d
Fat =% -5\
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This is the vector equation of the required plane.

. | 3 = bk
:b,tgzgi_E_Jz?

Question 3:

Find the Cartesian equation of the following planes:

F-[E+j—£]=z 0 Fo(2i+3]-4k)=1

(a) (

© f-[{.v_2I}f7+{3—.‘]_;+{2.¢+;}£:|ZIS

Answer

(a) It is given that equation of the plane is
F(i+j-k)=2 (1)
For any arbitrary point P (x, v, z) on the plane, position vector ¥ is given by,

F= ,rf+,1;? =k

Substituting the value of 7 in equation (1), we obtain
{xf +_1_'}—zi.:)-(f +_:—k) =2

= x+y—z=2

This is the Cartesian equation of the plane.

) Fo(20+3]-ak)=1 (1)

For any arbitrary point P (x, v, z) on the plane, position vector ¥ is given by,
F= ,rf+,1;?—:.’;

Substituting the value of ¥ in equation (1), we obtain

[xf +_-.;,;'+z.l;)-{2:: +3j‘—41§)=]

= 2x+3y—-4z=1

This is the Cartesian equation of the plane.

Pl (s=20)i +(3-1) j+ (25 +1)k | =15 1)

(c)

For any arbitrary point P (x, v, z) on the plane, position vector ¥ is given by,
F=xi+y-zk

Substituting the value of 7 in equation (1), we obtain

[x:: +_¥f—:£)-[(s—2!)f+{3—f] j+(2s +f}ﬂ =15
=(s=20)x+(3-1)y+(25+1)z=15

This is the Cartesian equation of the given plane.
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Question 4:

In the following cases, find the coordinates of the foot of the perpendicular drawn from
the origin.

(@) 2x+3y+4z-12= U(b) Jy+4z-6=0

(c) Xtry+z= I (d) Sv+8=0

Answer

(a) Let the coordinates of the foot of perpendicular P from the origin to the plane be
(X1, Y1, Z1)-

2Xx+ 3y +4z-12=0

=2x+ 3y +4z=12 .. (1)

The direction ratios of normal are 2, 3, and 4.

2J2) +(3) +(4) =29

Dividing both sides of equation (1) by @ , we obtain
2 3 4 12
This equation is of the form [x + my + nz = d, where |, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by
(id, md, nd).
Therefore, the coordinates of the foot of the perpendicular are
2 12 3 12 4 12 ]]E{EEE]
29 49 29

V29 297429 29729 29
(b) Let the coordinates of the foot of perpendicular P from the origin to the plane be (xq,

Y1, Z1).
3y+d4z-6=0

= ﬂ.‘l"+3]"+4:=f1m |:1:|

The direction ratios of the normal are 0, 3, and 4.

NO+3 44 =5

Dividing both sides of equation (1) by 5, we obtain
[}x+‘—y+i:=E
5 5

5
This equation is of the form [x + my + nz = d, where [, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.
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The coordinates of the foot of the perpendicular are given by
(id, md, nd).
Therefore, the coordinates of the foot of the perpendicular are

-] b
[{L S E.E] ie. [u. 18 EJ.
5'5"5'5 25" 25

(c) Let the coordinates of the foot of perpendicular P from the origin to the plane be (xq,
Y1, Z1)-
X+y+z= I . (1)

The direction ratios of the normal are 1, 1, and 1.
NP+ +P =43

Dividing both sides of equation (1) b*_,r"ﬁ, we obtain

| 1 | 1
E.‘f+ ijﬁ: =E
This equation is of the form [x + my + nz = d, where [, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by
(id, md, nd).

Therefore, the coordinates of the foot of the perpendicular are

|f111111“ie[111‘
W33 ﬁ‘ﬁJ 3y 3J‘
(d) Let the coordinates of the foot of perpendicular P from the origin to the plane be (xq,

Y1, Z1).
S5p+8=0

=0x—-5y+0z=8..(1)

The direction ratios of the normal are 0, =5, and 0.

2AJ0+(=5) +0=5

Dividing both sides of equation (1) by 5, we obtain

This equation is of the form [x + my + nz = d, where [, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by
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(Id, md, nd).

Therefore, the coordinates of the foot of the perpendicular are
0. _1(§], 0| ie. [n. . n).
5 5

Question 5:

Find the vector and Cartesian equation of the planes

(a) that passes through the point (1, 0, —2) and the normal to the plane is i+ )k .

(b) that passes through the point (1, 4, &) and the normal vector to the plane is
f—2j+§ _

Answer

(a) The paosition vector of point (1, 0, —2) is a=i '21":

¥ T
The normal vector ¥ perpendicular to the plane is N=i+j-k

The vector equation of the plane is given by, (F—a).N=0

:[;=—[f—2£)],(f+_}‘—£)=u (1)

Fis the position vector of any point P (x, v, z) in the plane.
S F=xi+ w +zk
Therefore, equation (1) becomes

(i + 27+ 2k) = (7= 26) |7+ k) =0

= [[x— 1)i+yj+(z +2}£],(f +j'—ﬁ.:)={]
=(x=1)+y-(z+2)=0

=>x+y-z-3=0

= Xx+y-z=

This is the Cartesian equation of the required plane.

(b) The position vector of the point (1, 4, &) is a=i+4;j+6k

The normal vector ¥ perpendicular to the plane is N=i-2j+k

The vector equation of the plane is given by, (F=a)N=0

::»[r'—[f+4_}+ﬁﬁ:]].(f—2j+ﬂf)=ﬂ (1)
F is the position vector of any point P (x, y, z) in the plane.

SF =X+ O+ zk

Therefore, equation (1) becomes
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(i + 37+ k) (7 +47 +6k) | (T-27+ k) =0
=[(x=1)i +(y-4)j+(z-6)k |-(I-2j+k) =0
=(x=1)=-2(y-4)+(z-6)=0

= x-2y+z+1=0

This is the Cartesian equation of the required plane.

Question 6:

Find the equations of the planes that passes through three points.

(a) (1,1, -1), (6, 4, =5), (-4, -2, 3)

(b) (1,1,0), (1,2, 1), (-2, 2, -1)

Answer

(a) The given points are A (1, 1, —-1), B (6, 4, -5), and C (-4, -2, 3).

1 I -1
6 4 -5{=(12-10)-(18-20)~(-12+16)
-4 2 3

=2+2-4

=0

Since A, B, C are collinear points, there will be infinite number of planes passing through
the given points.

(b) The given pointsare A (1, 1, 0), B (1, 2, 1), and C (-2, 2, —1).

1 |

1 2 1 {=(-2-2)-(2+2)=-8%#0
—2

[
|

Therefore, a plane will pass through the points A, B, and C.

It is known that the equation of the plane through the points, (%21:2,). ("-2"}'3’:3}, and

{xj.}}.:j},is
x—-X% Y-y Z-2

X=X V=W 5—5|=0

xX. =X, V.—W 3-%

= 0 I 1 |=0

-3 | -1
=(=2)(x=1)-3(y-1)+3:z=
= -2x-3y+3z+2+3=0
= -2x—-3v+3z=-5
= 2x+3y-3z=)
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This is the Cartesian equation of the required plane.

Question 7:

Find the intercepts cut off by the plane 2x+y-z=3
Answer
Qx+y-—z=35 (1)
Dividing both sides of equation (1) by 5, we obtain
’. - .
et
5 5 5
X oy =z
=>_—+—+—=1 .2
5 5 =5 ( }
2
X vy
— e —=]

It is known that the equation of a plane in intercept form is ¢ b e , where a, b, c
are the intercepts cut off by the plane at x, y, and z axes respectively.
Therefore, for the given equation,

u=§,b=5, and ¢ =-5

E. 5,and -5

Thus, the intercepts cut off by the plane are 2 .

Question 8:
Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX plane.

Answer

The equation of the plane ZOX is

y=10

Any plane parallel to it is of the form, y = a

Since the y-intercept of the plane is 3,

Thus, the equation of the required planeis y = 3

Question 9:
Find the equation of the plane through the intersection of the planes

—_ D d = [ '+ I —L=
ey 2z-4=0 0 vy +2-220 404 the point (2, 2, 1)

Answer
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The equation of any plane through the intersection of the planes,
Ix—y+2z—4=0andx+y+z-2=0,1Is

(3x—y+2z—4)+a(x+y+z-2)=0 where o R A1)

The plane passes through the point (2, 2, 1). Therefore, this point will satisfy equation
(1).

n(3%x2-2+2x1-4)+a(2+2+1-2)=0

=2+3a=0
2
=a=-
2
2
a=—-—
Substituting 3in equation (1), we obtain

2
{3_1-—y+2:—4)—§{r+3r+:—2}= 0
=3(3x-y+2z-4)-2(x+y+z-2)=0
= (9x =3y +62-12)-2(x+y+z-2)=0
= Tx=5y+4z-8=0

This is the required equation of the plane.

Question 10:

Find the vector equation of the plane passing through the intersection of the planes

Fo(2i+2j-3k)=7, F.(2+5]+3k)=9
- and through the point (2, 1, 3)

Answer

f-(zhz}-ai) =7and F ~(zf+5}'+3£) =9
The equations of the planes are

:-r‘-[2.5+2_}-3§]-?={} (1)

Fo(20+5j+3k)-9=0 -(2)

The equation of any plane through the intersection of the planes given in equations (1)
and (2) is given by,

F- 2.5+2_}'—3f—?}+2[f~ 2 +57+3k —t;]=u _
[ ( ) ( ' ) ,where4A € R
r‘-[[lf+2}—3§)+A(lf+5}+3f):|=lM+T
Fo[(2+2)i +(2+52) j+(34-3)k |=92+7 -(3)

The plane passes through the point (2, 1, 3). Therefore, its position vector is given by,
F=24 2,}'+ 3k

Substituting in eauation (3). we obtain
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[zh_}'—AE).[(z+3;.]f+{z+5&}_}+[3&-3}£]=9A+?
=(2+24)+(2+54)+(34-3)=94+7
=18A-3=904+7

=094=10
= A=E
9
0
2=
Substituting 9 in equation (3), we obtain
F-[Ehﬂjif]:l?
9 9 9

=>r'-(33f+f.3}+3£]=|53

This is the vector equation of the required plane.

Question 11:
Find the equation of the plane through the line of intersection of the planes

xty+z=lgng 20+39+42 =35 yhich is perpendicular to the plane ¥~V +2=0

Answer

The equation of the plane through the intersection of the planes, Xty+z=l and

2x+3y+4z=

.15
(x+y+z-1)+A(2x+3y+4:z-5)=0
=224+ 1)x+(34+1)y+(44+1)=—(54+1)=0 (1)

The direction ratios, a,, by, ¢4, of this plane are (2A + 1), (3Ah + 1), and (4A + 1).
The plane in equation (1) is perpendicular to x—y+z=0
Its direction ratios, as, ba, ¢z, are 1, —1, and 1.

Since the planes are perpendicular,

aa, +bb, +cc, =0

=(24+1)=(34+1)+(44+1)=0

=34+1=0

=>££=-l
3

1=-1

Substituting 3in equation (1), we obtain
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This is the required equation of the plane.

Question 12:

Find the angle between the planes whose vector equations are
Fo2i+2]-3k)=5  F(3i-3j+5k)=3

( ' and ( ) .
Answer

F-(zhzj-af?]:s Fo(3i=3j+5k)=3

The equations of the given planes are and

It is known that if M and "—*are normal to the planes, rem = d' and Fen

=d, , then the

angle between them, Q, is given by,

iy - iy

cosQ) =

(1)

A
Here, = 2‘?""2.;'—35; and 1, =3 _3_;-1,5;;

sy ity = (2042 - 3k)(30 = 3] +5k) = 2.3+ 2,(-3) +(-3).5=-15
) =J{2}:+(2}: +{—3}: =J17

i = 3) +(-3) +(5) =33

'”.': |ﬁl|and|52|

Substituting the value of in equation (1), we obtain

msQ—;IS{
17483
:-cusg»':%

= cosQ"' =[J%]

Question 13:
In the following cases, determine whether the given planes are parallel or perpendicular,

and in case they are neither, find the angles between them.

(a) Tx+35y+6z+30=0and 3x—y-10z+4=0
(b) 2x+yv+3z-2=0and x-2y+5=0

(©) 2x-2y+4z+5=0and 3x-3y+6z-1=0
(d) 2x—y+3z-1=0and 2x—y+3z+3=0

(e) 4x+8y+z—-8=0and y+z-4=0
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Answer

The direction ratios of normal to the plane,

L, :ax+by+c,z=0are a,, b,, c,

. h ¢
LIL,if L=20=5

S ooa, b o
L LL,if aa, +bb, +cc, =0

The angle between L; and Lz is given by,

a,a, +bb, +¢c,

Jaf +hl +¢l-\Jai + bl +¢l

0 =cos”

L

ax+hbviez=0
1 1/ 1

, are ay, by, ¢y and

(a) The equations of the planes are 7x + 5y + 6z + 30 = 0 and

3x—y—-10z2+4=0
Here,a:=7.b: =5.c1 = 6
a,=3,b,=-1c,=-10

aa, +bb, +cc, =Tx3+5x(=1)+6x(-10)=-4420

Therefore, the given planes are not perpendicular.

4 _1b_5__s6_6_33

a 3b -1 ¢ -10 5
ﬂ|¢£¢1
a, b, ‘U:

It can be seen that,

Therefore, the given planes are not parallel.

The angle between them is given by,

0= cos™ TK3+EK(—I)+6K(—I[})

J7) +(5) +(6) x{3) +(-1) +(-10)’
— cost| 21=5-60

JI10< 110

L, 44

=C0s 110
Y
=Cc0s g

(b) The equations of the planes are XtV +32-2=04,4 ¥=2y+5=0

Here,

Laa, +bb, + e, =2x141x(-2)+3x0=0

a, :2‘&5 =L [ :3and ﬂ'::l‘ ,\‘_1: =—2‘c2=ﬂ

Thus, the given planes are perpendicular to each other.
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(c) The equations of the given planes are =X ~2V+42+3=04,4 Ix=3y+6z-1=0

Here, @=2b-2¢= and
a,=3,b=-3,c,=6 aa,+bb,+cc, =2x3+(-2)(-3)+4x6=6+6+24=36%0

Thus, the given planes are not perpendicular to each other.

Thus, the given planes are parallel to each other.

2x=y+3z-1=0 y+3z+3=0

(d) The equations of the planes are and 2x -

Here, a=2b=-1,¢=3 and a,=2,b,==1,¢,=3
- _ -

. e PO IO

a, 2 b, -1 ¢, 3

a_h_s

a, b,

Thus, the given lines are parallel to each other.
(e) The equations of the given planes are X T8V +2-8=0,,4 y+z-4=0

a, =4, b =8, ¢ =1 a,=0,b=c, =

Here, ! and

aa, +bb, +ecc, =4x0+8x1+1=9=0

Therefore, the given lines are not perpendicular to each other.
a_3 6 _8 ¢ a_l_,
a, 0 b, 1 e, |

a b ¢

¥

Lay, b
Therefore, the given lines are not parallel to each other.
The angle between the planes is given by,

\ dx0+8x1+1x1

JE+8 41 %0 + 1P + 1
Question 14:

|9
9 x

O = cos = Cos

|
= COS '[—]=45“
2 J2

In the following cases, find the distance of each of the given points from the

corresponding given plane.

Point Plane
(a) (0, 0, 0) ¥~ 4y+12z=3
(b) (3, —2, 1) 2X—¥+2z+3=0
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(c) (2, 3, -5) x4+2y-2z=

(d) (-6, 0, 0) 2x=3y+6z-2=0

Answer

It is known that the distance between a point, p(x;, v, 2;), and a plane, Ax + By + Cz =

D, is given by,

Ax, + By, +Cz, = D)
JAE+B+C° |

d= (1)

(a) The given pointis (0, 0, 0) and the plane is 3x—4y+12z=3

Ix0—-4x04+12x0- 3‘ 3

s J[3 ) +(—4) +[|2)‘ Jleu; 13

(b) The given pointis (3, — 2, 1) and the plane is 2x—y+2z+3=0

d =

2x3- [2]+2x1+3| |]3‘ 13

Jor =1y + 2y 3

(c) The given pointis (2, 3, —5) and the plane is X+2y-2z=9

d = =3

2+2x3- ‘h[—ﬁ ';" 9
Joy <y +(=2y| 3

(d) The given point is (=6, 0, 0) and the plane is =¥ ~3y+62-2=0

J= 2(-6)-3x0+6x0-2| |14 4

JY +(3) (o) | WAL T

Miscellaneous Solutions

Question 1:

Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the line
determined by the points (3, 5, —1), (4, 3, —1).

Answer

Let OA be the line joining the origin, O (0, 0, 0), and the point, A (2, 1, 1).

Also, let BC be the line joining the points, B (3, 5, —1) and C (4, 3, —1).

The direction ratios of CAare 2,1, andlandofBCare (4 — 3)=1, (3 - 5) = -2, and
(-1+1)=0
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0A is perpendicular to BC, if 8182 + b + 1o = 0

.'.alaz+b1b2+E1C2=2x1+1{_2}+1x{}=2_2={}

Thus, OA is perpendicular to BC.

Question 2:

If 1y, my, ny and lh, M3z, nz are the direction cosines of two mutually perpendicular lines,
show that the direction cosines of the line perpendicular to both of these are myn. —
Mafy, Nilz — Naly, hmz — m;y.

Answer

It is given that /1, my, ny and f, ma, n; are the direction cosines of two mutually

perpendicular lines. Therefore,

Ll +mm, +nn, =0 (1)
Fem +n’ =1 (2)
I +m; +n =1 (3)

Let I, m, n be the direction cosines of the line which is perpendicular to the line with

direction cosines /i, my, ny and la, ma, ns.

AL+ mmg+nn = 0
I, +mm, +nn, =0

/ m n

myn, — m,n, - nl, — nd, - fm, =1,m,
I’ . m . n
(mn, = myn)’ - (ndy=mt) ) (L, ~1Lm,)
I . m B n
(mn, = myn)’ - (ndy=ml) B (hm, ~Lm,)’
Fam +n

- (4)

- (mn, = mon) +(nd, =nd)) +(Lm,—Lm,)

{, m, n are the direction cosines of the line.
Fermrent=1..(5)

It is known that,

i a2 ? A
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VI my 5 )5 ms 05 )=y + mym, + nyny )
=(mn, —myn)) +(mdy—n,d) +(Lm, —Lm,)’
From (1), (2),and(3), we obtain

1

= 1.1=0=(mn, +mn, }: +(ml, —n.l, ) +(hm, —1,m,)

. (mn, —myn, ) +(ndy =l ) +(my = Lm) =1 ..(6)

Substituting the values from equations (5) and (&) in equation (4), we obtain
I* B m B n
(mm,m, = m,n, }J (m,d, = m, ): (Lm, —1,m,)’

=Il=mn, -mun.m=nl, —nl ,.n=Im,-1,m,

Thus, the direction cosines of the required line are "1z~ "2fhs mly = ngly,and by, = lm,.

Question 3:

Find the angle between the lines whose direction ratios are a, b, cand b — ¢,
c—4a,a—b.

Answer

The angle Q between the lines with direction cosines, a, b, cand b — ¢, c — a,

a — b, is given by,

a(b-c)+b(c-a)+c(a-h) ‘

cosQ) = - = =
Va' +b' vt + J[h—c-]' +(c~a) +(a—-b) ‘
= cosQ=10

= =cos '
= 0 =90°

Thus, the angle between the lines is 90°,

Question 4:
Find the equation of a line parallel to x-axis and passing through the origin.

Answer

The line parallel to x-axis and passing through the origin is x-axis itself.

Let A be a point on x-axis. Therefore, the coordinates of A are given by (a, 0, 0), where
a € R.

Direction ratios of OAare (a — 0) =43, 0,0

The equation of OA is given by,

x-0 y-0_ z-0
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a 0 0

X v =

—_—_—=—=p
10 0
Thus, the equation of line parallel to x-axis and passing through origin is

x
I

= |

Y
0

Question 5:
If the coordinates of the points A, B, C, D be (1, 2, 3), (4, 5,7), (-4, 3, —&) and (2, 9,
2} respectively, then find the angle between the lines AB and CD.

Answer

The coordinates of A, B, C, and D are (1, 2, 3), (4, 5, 7), (—4, 3, —6), and

(2, 9, 2) respectively.

The direction ratios of ABare (4 - 1)=3, (5 - 2)=3,and (7 - 3) =4

The direction ratios of CD are (2 —(—4)) =6, (9-3)=6,and (2 —(-6)) =8

@ _h _c

1
a, h: Cy

1
;
It can be seen that, =
Therefore, AB is parallel to CD.

Thus, the angle between AB and CD is either 02 or 180°.

sQuestion 6:

x=-1_y-2_ z-3 x-1yy=1_z-6
If the lines —3 S 2% 2 and 3k 1 -5 are perpendicular, find the value
of k.
Answer
x=1 y=2 z=3 x=1 y=1 =z-6
The direction of ratios of the lines, -3 . 2k B 2 and 3k R I R -3 ,are —3,

2k, 2 and 3k, 1, -5 respectively.

It is known that two lines with direction ratios, a1, &4, c1 and as, ba, Cz, are
perpendicular, if 8;8; + by + e, = 0

S=3(3k )+ 2k <14 2(=5)=0

= -9%+2k-10=0

= Tk =-10
~10
k=
7
10
k==-—
Therefore, for 7 . the given lines are perpendicular to each other.
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Question 7:

Find the vector equation of the plane passing through (1, 2, 3} and perpendicular to the
f-(f+2j—51£)+i)=u

plane :

Answer

The position vector of the point (1, 2, 3) is n=i+2j+3k

F-(f+2j—5f2)+9=n

The direction ratios of the normal to the plane, ,arel, 2, and -5

and the normal vector is N=i+2j-5k
The equation of a line passing through a point and perpendicular to the given plane is

given by, | =7 +AN, A€ R

coordinates, (2, —1, 2). The point is (-1, =5, —10).

The distance d between the points, (2, -1, 2} and (-1, -5, —10), is

d=J(~1-2) +(=5+1) +(-10-2)" =JO+16+144 =169 =13

Question 19:

Find the vector equation of the line passing through (1, 2, 3) and parallel to the planes

F=(i-j+2k)=s  F-(3i+]+k)=6

and
Answer
Let the required line be parallel to vector b given by,

b=bi+b,j+bk

The position vector of the point (1, 2, 3} is d=i+2j+3k

The equation of line passing through (1, 2, 3) and parallel to b is given by,
F=d+Ab

=>r'(f+3_}'+3A:)+A(h,f+h:_}+h11;) (1)
The equations of the given planes are

Fo(i-j+2k)=5 «(2)
f-(3f+_}'+;€)=ﬁ -(3)

The line in equation (1) and plane in equation (2) are parallel. Therefore, the normal to

the plane of equation (2) and the given line are perpendicular.
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=i = j+2)-A(bi +b.j+bk)=0

= A(b, ~b, +2b,) =0

= b —b, +2b, =0 -(4)
Similarly, (3 + j+k)-2(bi +b,j+bk)=0

= A(3b,+b,+b)=0

=3b +b, +bh, =0 -(3)
From equations (4) and (5}, we obtain
b] — b: — b.x
(=1)x1=1x2  2x3-1x1 1xI-3(-1)
b, b, b
—_——E———
-3 5 4

Therefore, the direction ratios of b are —3, 5, and 4.

b =bji+b,j+bk==3i +5]+4k
Substituting the value of b in equation (1), we obtain
f=(f:+2j+3kn]+ﬂ.(—3f+5}+4§)

This is the equation of the required line.

Question 20:
Find the vector equation of the line passing through the point (1, 2, — 4) and

x-8 y+19 =z-10 x=15 y=-29 =z-5

and =
perpendicular to the two lines: 3 =16 7 3 8 -5
Answer
Let the required line be parallel to the vector b given by, O=mOE+Bf+ok
The position vector of the point (1, 2, — 4) is a=i+2j-4k

The equation of the line passing through (1, 2, —4) and parallel to vector bis
F=d+Ab

= (i +2]-4k)+ 2(bi +b,j+bk) (1)

The equations of the lines are

r—8 y+19 =10

.
3 =16 7 {-}
x=15 y-29 z-5
= = +— . 3
3 8 -3 { :l
Line (1) and line (2) are perpendicular to each other.
5. 3b, =16b, +7h, =0 {4}
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Also, line (1) and line (3) are perpendicular to each other.

~.3b, +8b,~5b, =0 -(5)
From equations (4) and (5), we obtain
IF-'I] _ h: _ h_'-

(—16)(-5)-8x7 Tx3—3[—5} 3x8—3[—1ﬁ}

b b h

24 36 72

b _b_b

2 3 6

~Direction ratios of b are 2, 3, and 6.

_'.E=2¢T+3}+ﬁ£

Substituting b =2i+3j+06k in equation (1), we obtain
F= E+3j-4£]+4(3€+3}+ﬁ£]
This is the equation of the required line.

Question 21:

Prove that if a plane has the intercepts a, b, c and is at a distance of P units from the

origin, then @ b~ ¢ p

Answer

The equation of a plane having intercepts a, b, ¢ with x, y, and z axes respectively is
given by,

X y =z

—t=t==] ol

a b ¢ [ )

The distance (p) of the plane from the origin is given by,

-1

’”Ju‘ifi I0)

1
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Question 22:

2 ! z? = } =12
Distance between the two planes: 2x+3y+4z 4and 4x+6y+8z l']s

(A)2 units (B)4 units (C)8 units
iunils

(D) V29

Answer

The equations of the planes are

2x43y44: = 1)
dx+6y+8z=12

= 2x+3y+4:- = -(2)

It can be seen that the given planes are parallel.
It is known that the distance between two parallel planes, ax + by + cz = dy and ax + by

+ cz = d3, is given by,

po|__di-d
»D=|—2%
J2) +(3) +(4)
2
~J9

(hﬂm
&

Thus, the distance between the lines is units.,

Hence, the correct answer is D.

Question 23:
The planes: 2x — y + 4z = 5 and 5x — 2.5y + 10z = € are
(A} Perpendicular (B) Parallel {C) intersect y-axis

03]
(C) passes through 4

Answer

The equations of the planes are
2x —y+4z=5..(1)

Sx — 2.5y + 102 =6 ..(2)

It can be seen that,

a,

| b

[
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=12
b, -25 5
c 4 2
e, 10 5
a _b _¢q
a b o

Therefore, the given planes are parallel.

Hence, the corre:lr__?lgge Stﬁ-‘ Download from Exxamm.com
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