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Exercise 4.1

Question 1:

Prove the following by using the principle of mathematical induction for all n e N:

]

z

143+ .. +3" =

Answer

Let the given statement be P(r), i.e.,

(1)

Plny: 1 + 3+ 3%+ 38= 2
Forn =1, we have
[3I _l)_?"_l —g—k
P(1): 1 = 2 2 2 , which is true.
Let P(k) be true for some positive integer k, i.e.,
(3" -1)

1+3+3F +.+3"" =

> 1)

We shall now prove that P(k + 1) is true.
Consider
1+3+3%+ .. +3t4 3001

=148 +3%F.+ 343

3* -1
:( - ) +3* [Using (i)]
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Thus, P{k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

-

Question 2:

Prove the following by using the principle of mathematical induction for all n e N:
L . |l 3
EJ+2-'+33+...+H-‘:[7{2 }]

Answer

Let the given statement be P(n), i.e.,

B a3t il m [M]

P(r): 2

Forn =1, we have

P(1): 13 =1 = [@] :[%]1=|3:1

Let P(k) be true for some positive integer k, i.e.,

P42 4 Ltk =[H+”)] e (i)

, which is true.

We shall now prove that P(k + 1) is true.
Consider

13+22 4+ 3%+ .+ k% + (kb 1)3

Free Pdf Download from Exxamm.com




2

=[k{“]]]:+[;¢+|}‘ [Using (i)]

=L4+”:+(k+l]3

(k1) +4{k+1)
- 4
(k+1)7{& +4(k+1)}
- 1
(k+1)" {4 +ak+ 4]
- 4
(k) (k+2)
=
(k+1)" (k+1+1)
- 4

"{(&+I)(&+I+I}Jj

) 2

=13+ 22+ 3+ . +kH+(k+1)°

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, staterment P(n) is true for all natural

numbers i.e., n.

Question 3:
Prove the following by using the principle of mathematical induction for all n e N
Lok ] + : gt I i

(1+2) (1+2+3) (14+243+..n) (n+1)

Arnswer
Let the given statement be P(n), i.e.,

1 1 1 Zn
1+ + +...+ =
P(r): 1+2 1+2+3 1+2+3+.m n+l

Forn =1, we have

¥ 9

P(1): 1 =1+1 2 which is true.

Let P(k) be true for some positive integer k, i.e.,
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1 I 2k
..t + oot =
1+2 1+2+3 I4+2+3+..+k k-1

We shall now prove that P(k + 1) is true,

-

Consider
I I 1 I
+ + +..t +
142 1+2+3 | 4+2+3 4. +& 14243+ +h+(k+1)
[ I | I ] l
=1+ B i + :
1+2 1+2+3 14243+ k) 14243+ +k+(k+1)

1

o
: &'fi * 1+2+3+,..l+£-+{k+1] |Using ()
nin+1

=fj|+{“+”(:{+l+”} [I+2+3+...+n= (_ )

p
_ 2k

(k+1)  (k+1){k+2)
2 I
Tk +D) [“ﬁ}
Question 4:
Prove the following by using the principle of mathematical induction for allne N: 1.2.3
n(n+1)(n+2)(n+3)
+234+ . +nn+1)(n+2) = 4
Answer
Let the given statement be P(r), i.e.,
n(n+1)(n+2)(n+3)
P(n): 1.2.3+ 234+ .. +n(n+1)(n+2)= 4
Forn =1, we have
1(1+1)(1+2)(1+3) _ 1234
P(1):1.2.3=6 = 4 4 , which is true.
Let P(k) be true for some paositive integer k, i.e.,
:.k{k+]}{k+2.)(k+3} 0

1.23+234+ .. +klk+1)((k+2) 4
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We shall now prove that P(k + 1) is true.

Consider

1.23+234+ . +klk+1) Kk +2)+ Gk +1)Kk+2)(Kk+3)
={1.23+234+ .. +kk+1)k+2)r+(k+1D{k+2)k +3)

_ k(k+1)(k+2)(k+3)
4

:(k+|)(k+2](.&+3]{%+l]

+(k+1)(A+2)(k+3) [Using (i)]

(k+0(k+2)(k+3)k+4)
4
. (k+1)(k+1+1)(k+1+2)(k+1+3)
4

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 5:
Prove the following by using the principle of mathematical induction for all n e N:
(2n—1)3"" +3

)

1.3+ 2.3 +3. 3% +..+n3" =

Answer

Let the given statement be P(n), i.e.,

(24 -1)3"" 43

13423 433+ +n3" =
Pin)

Forn =1, we have

(21-1)3"+3 3 +3 12

P(1):1.3=3 4 4 4, which is true.
Let P(k) be true for some positive integer k, i.e.,
C(2K-1)3"" 43

1.3+2.3 +3.3 ... +k3"

. (i)

4
We shall now prove that P(k + 1) is true.
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Consider
1.34+2324+3.3% 4+ . +k3k+ (k + 1) 3k
= {134 23533 4 oof 34 0k 3135

(26 -1)3"" +3

+(k+1)3 [Using (i)]

C(2k-1)3" 43+ 4(k+1)3"
B 4
32k —14+4(k+1)}+3
4
_ 36k +3}+3
- 4
_3M3{2k+1}+3
4
k4143
) 4
P20k +1)-1}3%" 43
4

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 6:

Prove the following by using the principle of mathematical induction for all n e N:

1 2
I,2+2.3+3.4+..,+n.{n+1)={m:m ;{’H q

Answer

Let the given statement be P(r), i.e.,

1)(n+2
1.1+z.3+3.4+...+n.{n+1};{"(”+ ;[’H }]

Plr):

Forn =1, we have

2oy WI4D(1+2) 123

P(1): 3 3 , which is true.
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Let P(k) be true for some positive integer k, i.e.,

|,2+2,3+3.4+..,....+1c.(k+|)=[““13{“2)] Q)

-

We shall now prove that P(k + 1) is true.

Consider

12+23+34+ . +kik+1D)+k+1).(k+2)
=1.2+23+34+. +kk+1)]+&k+1).k+2)

(FHI]

{k+1}{&+’?} [Using (i)]

:(kﬁ-l)(k-kl][%HJ

(k+1)(k+2)(k+3)
3
_ (k+1)(k+1+1)(k+1+2)
3

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n} is true for all natural

numbers i.e., n.

Question 7:

Prove the following by using the principle of mathematical induction for all n e N:

A + -1
1.34+3.5+5.7+.. +{2ﬂ—l‘ju("n-u-l]l_.Li1r o )
Answer

Let the given statement be P(r1), i.e.,

4’ + 601
I.3+3.5+5,?+,..+{2nm]}{2n+l}:-n“ T )
Pir): J

Forn =1, we have

1(4.1° +6.1-1 =
P[I):l.3:3:-( H61-1) ave-1 9,
3 3 3 , which is true,

Let P(k) be true for some positive integer k, i.e.,

Free Pdf Download from Exxamm.com




k{dk® +6k -1
(i) g
Ps

13435457+ +(2k=1){(2k +1)=

We shall now prove that P(k + 1) is true.

Consider
(1.3+35+57+.. +(2k-1D) 2k +1)+ {2k +1)-1}2k+1)+ 1}
k(447 +6k-1)

= 3 #(2k+2=1)(2k+2+1) [Using (i)]
k(462 +6k -1
=l ; }+(z.q-+|}(zﬂf+3)
k(447 46k -1
=( + )+[4.{-3+8k+3]
.

;;(4;1-3 +6k = 1)+ 3{41;-" + 8k ...3)

-
fu

AR Ok k12K + 24k +9

-

h |

_ 4K 18T +234 49
3
AT 1R 9k + 4k + 14k +9
3
K( 14k 9) #1447 + 144 +9)
3
(k144 144 49)
3
(k+1)}4k" +8k +4+ 6k +6-1]
) 3
) (% +l){4(£z!+2k+l)+ﬁ{ff +l]—l}
3
(k+1)}4(k +1) +6(k+1)-1]
3

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n} is true for all natural
numbers i.e., n.
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Question 8:

Prove the following by using the principle of mathematical induction for allne N: 1.2 +
222+3.22+ .. +n2"=(n-1)2""+ 2

Answer

Let the given statement be P(n), i.e.,

P(r): 1.2 4 22243224 ,. + 2= (= 1) 2" + 2
Forn = 1, we have

P(1):1.2=2=(1-1)2"" 4+ 2 =0+ 2 = 2, which is true.
Let P(k) be true for some positive integer k, i.e.,

1 22ty 30%e, ekbuefpea Yobtluea )

We shall now prove that P(k + 1) is true.

Consider

P —

124222 43.2° 4+ &2 4k +1). 2
=(k-1)2"" +2+(k+1)2""
=2 (k1) +(k+1)}+2

={(k+1)-1} 2" 42

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n} is true for all natural

numbers i.e., n.

Question 9:
Prove the following by using the principle of mathematical induction for all n e N:

11 1 | I
—t ==t =]
2 4 B & 2"
Answer

Let the given statement be P(r), i.e.,
[ | |

—t—t =t — =] ——
Pin): 2 4 8 a2t g
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Forn =1, we have

1 L1

P(1): 2 2 2, which is true.
Let P(k) be true for some positive integer k, i.e.,
lJrl+l+....+l=l—l—_ i1

2 4 8 2" 7
We shall now prove that P(k + 1) is true.
Consider
(I 11 1 ] 1

—+—+— b

2 4 8 g Vo
- | 1 T )
= I_E_‘ +3;_-| [l sing (l]}
- l—]—+ :

o .

Thus, P{k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 10:
Prove the following by using the principle of mathematical induction for all n e N:

I I 1 1 n

+ Tt -
25 58 B8.11 +[3H——1}(3n+2) (61 +4)

Answer

Let the given statement be P(r), i.e.,

L NV -
25 58 811

1

|
(Gn-1)(3n+2) (6n+4)

Pin):

Forn =1, we have
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1 1 1

) L 5

1
25 10 61+4 10 , which is true.

Let P(k) be true for some positive integer k, i.e.,

]+i+ ! itk I_ .
25 58 8.1l (3k-1)(3k+2) o6k+4

We shall now prove that P(k + 1) is true.

Consider

I B [ |
25 58 811 Bh—1)(3k +2}+{3(&-+ )= 1H3(k+1)+2]

k |

“k+d (3k+3-1)(3k+3+2)
K |.

T6k+4 (3k+2)(3k +5)

ok I

23k +2)  (3k+2)(3k+3)

[Using (i)]

U (k1
C(3k+2)L2 35—+5]

1 [ k(3k+5)+2]
(3k+2)| 2(3k+35) J
1 (3 +5k+2)
(3k+2)| 2(3k+5) J
1 (3ff+2}(_k+l)]
C(Ger2) 2(3k+5)
(k+1)

6% +10

(k1)

C6(k+1)+4

4

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n} is true for all natural

numbers i.e., n.
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Question 11:

Prove the following by using the principle of mathematical induction for all n e N:
5 1 ~ a(n+3)

n(r_:r+])(n+2}_4(n+ljl:n+2:)

+

L
3 234

+

|
34.5

[ | —

Answer

Let the given statement be P(r), i.e.,

I I | 1 n(n+3)

7ﬁ+2«4+~4‘+'"+ ] v2) a(me1)(n+2
oy: 123 234 345 a(uan)(n+2)  a(n1)(n+2)
Forn =1, we have

1 1(1+3) 1-4

[ }:1-2-3_4{|+1}(1+2):4-2-3:1-2-3 T

Let P(k) be true for some positive integer k, i.e.,

l o I & 1 L 1 = Hk+3} (1)
1.2:3 2.3:4 3.4.5 k[k+l)[k+2)_4|:k+l_](k+2)

We shall now prove that P(k + 1) is true.

Consider
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L | !
[|-2-3+2-3-4+3-4-5+ “““ +:r[.fc+|_)(;{+3)}(&+1){k+2](.¢:+3}
_ k(k+3) . 1

4(.&+1}(£+2} (k+1)(k+2)(k+3)
I [.{+3}

"G ¢ F
!

|
-+
k .ﬁ.+3
.r'f+l}(fr+2} 4(k+3)

L
[
{
I [k (k" + 6k +9)+
| }
[£

[l_rsing (i)]

{.I. +1){k+2) 4(k +3)

I & +6k +9A+4}
{k+l}{k+2}[ 4(k = 3)

_ I & +2ﬁ+¢4«u5+3g+q}
(krn)(kr2)| Ak +3)

1 [R( k1) a8+ 24 41)]
“ne2)| 3(k+3) J'
" ! k(k+1) +4(k+1)

(kD) (k2) | 4(k+3)

(k1) (k+4)

Ak +1)(k+2)(k+3)
(A+1){(k+1)+3}

" a{lk+ 1)+ (k1) +2)

Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, staterment P(n) is true for all natural

numbers i.e., n.
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Question 12:

Prove the following by using the principle of mathematical induction for all n e N:

; 3 ﬂ(r”—l]
a+aF +ar + . ar” :—I'=-
r—

Answer

Let the given statement be P(r1), i.e.,

N
) 1 cr(r' _I]
P{n}:ﬂ-—i—ﬂrﬂ-ﬂr' +_ . Far” :—l
. -

Forn =1, we have
1
atr —1
P{l}:ﬂ"::—{ i ]:a'
l:r_ ) , which is true.

Let P(k) be true for some positive integer k, i.e.,

'
alrt =1

a+ar+art +........ +art :-L—l-—)- 2 |
F"_

We shall now prove that P(k + 1) is true.

Consider
{.:H- ar+ar +....+ ai'*"} + gri+l
b _1
= ¥+m‘* [Using {l}]
oo
- r—1

a(r'l‘ - I}+ art™ = ar'
r—1

art —a+art =t

r—I
ar'' —a
a(rk'” - ])
T

Thus, P(k + 1) is true whenever P(k) is true.
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Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 13:

Prove the following by using the principle of mathematical induction for all n e N:

[1+%]{1+§)(1+%J...[1+“’:I]} (+1)’

Answer

Let the given statement be P(r), i.e.,

P(n) :(1+%][|+§](| +%j---[l+(2'::”] ey

Forn =1, we have

[J]( ] 4= {l+l =2’ =4, which is true.

Let P(k) be true for some positive integer k, i.e.,

e (2

We shall now prove that P(k + 1) is true.

Consider

oo o)

—(k+1)] 1+ —Zﬁ : I})”] [ Using(1)]

=H+I}1(J¢+1}'+z(;¢+l)+|]

(A+I)']

=(k+1)’ ;2(k+-l]+].

={(k+1)+1}

Thus, P(k + 1) is true whenever P(k) is true.
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Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 14:

Prove the following by using the principle of mathematical induction for all n e N:

e

Answer

Let the given statement be P(r), i.e.,

P(n}:(1+%][J+%j|[l+%]...{l+];]={n+l}

Forn = 1, we have

P{]}:(H%]:Z:(IH]

Let P(k) be true for some positive integer k, i.e.,

p(k):[nﬂ@%)(H%}..[Hﬂqmu (1)

We shall now prove that P(k + 1) is true,

, which is true.

Consider

=(k+ I}[H&—] [ Using (1)]

Thus, P{k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.
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Question 15:

Prove the following by using the principle of mathematical induction for all n e N:

» n(2m=1)(2n+1)
3

g P ¥ 5 0N +(2n-1) =

Answer

Let the given statement be P(r), i.e.,

n(2n—1)(2n+1)
3

P(,r:'-}z]:+3:+fs:+.,.+{2ﬁ—|]j =

For m=1. we have

H21=12.1+1
P[I]:IE:I:{ !{ +):l';'3:], which is true.

Let P(k) be true for some positive integer k, i.e.,
k(2k=1)(2k +1)

Pk)=F +3* +5% 4+ +(2%-1) = :

-

We shall now prove that P(k + 1) is true.

Consider
{I: +3 5 o+ (24 —I]ﬂ-- + }‘:2{.{' +1)- I}:

_ k(2k-1)(2k +1)
4

)
_ k(2k=1)(
3
)

+(2h+2-1) [ Using (1)]
'}+(zﬁ+|f

(24 +
(2 +1)+3(2k +1)

5

_(2k+ 1;.{&-{2;:- 1)+3(2k +1)]
3
5 (2k+1){ 267 — k + 6k + 3}

e
o

_k(2k-1
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:{.2k+1}{2fr3+5k+3}
{2k+1){222+2;{+3k+3j
={_2k+1}{2#{§r+1)+3[&+1)}
:{2k+l}{k+1)?(2k+3)
(* 4.1){2{3“}..1}{2(; +1)+1
3

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, staterment P(n) is true for all natural

numbers i.e., n.

Question 16:

Prove the following by using the principle of mathematical induction for all n e N:
Aol A I S

14 47 710 {3n—.2}{3rr+ 1} {Erﬁ-I]

Answer

Let the given statement be P(n), i.e.,

P(n): L+ Ly L n I 7 n
|4 41? 710 7 (3n-2)(3n+1) (3n+1)

For n=1, we have

(I}—L— =l=_i._ which is true.

1.4 d+1 4 1.4
Let P(k) be true for some positive integer k, i.e.,
1 I k
P(k)= + e — )

| 4 4? 700 (Bk-2)(3k+1) 3k+]

We shall now prove that P(k + 1) is true.

Consider
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L+L+L+ + ! ¥ I
14 47 710 7 [3&—2)[3&“)} 13k +1)=2}{3(k+1)+1]

k ] _
“3k+1 (k+1)(3k+4) [ Using (1)

|
(3% +1) k+{3ﬁ-+4}}

(
i

_ I{HHHH%
|

(Bk+1)| (3k+4)

|
(3k +1)

3k + 4k +1
(3% +4) }
C 1 [ e3kk+l]
(Gk+1)|  (Gk+4) |
(B 1)(k+1)
T3k +1)(3k +4)

(k+1)
" 3(k+1)+1

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 17:
Prove the following by using the principle of mathematical induction for all n e N:

I 1 1 "

1 .
t—— ..+ =
35 57 7.9 7 (2n+1)(2n+3) 3(2n+3)

Answer

Let the given statement be P(r), i.e.,

el Lopllep g B oo B
35 57 79 7 (2n+1)(2n+3) 3(2n+3)

Forn = 1, we have
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I 1 I
Pl
) 3.5 3(2.1+3) 3"5, which is true.

Let P(k) be true for some positive integer k, i.e.,

1.1 1 i k -
B 35757779 T k) (2k+3) 3(2k+3) - ()
We shall now prove that P(k + 1) is true.
Consider
L~|~-i-+-i-+ + ! + - L
35 57 79 7 (2k+1)(2k+3) | [2(k+1)+1}{2(k+1)+3}
k I _
= + Us 1
3(2k+3)  (2k+3)(2k+5) [Using (1)]

1k
T (2k+3)| 3 (2k+3)
1 [k(2k+5)+3
(2k+3)| 3(2k+5)
1 [ 2k +5k+3
(2k+3)| 3(26+5)
1 | 2K+ 2Kk+3k+3
C(2k+3)| 3(2k+5)
0 [ 2k(k+1)+3(k+1)
C(2k+3)|  3(2k+3)
(A1) (2k+3)

3(2k+3)(2k+5)
~ (k+1)
3{2(k+1)+3}

Thus, P{k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n} is true for all natural

numbers i.e., n.

Question 18:
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Prove the following by using the principle of mathematical induction for all n e N:
1
:+2+3+...+u<§(2n+1]3

Answer

Let the given statement be P{n), i.e.,

P{H):]+2+3+---+J’!{%{2H+1):

1 9
l<=(2.0+1) ==
It can be noted that P(n) is true for n = 1 since ' 8

Let P(k) be true for some positive integer k, i.e.,

- (1)

We shall now prove that P(k + 1) is true whenever P(k) is frue.

z

l1+2+...+k -c:é-[lk-hl}
Consider
(14 2+.4 k) (k+1)< é{Zk +1) +(k+1) [ Using (1) ]

1 2 p
{E{(EIH-I] +$(ir+|:|}-
<1{4k3+4&+|+3,&+3}

8
{%-{4#’ +12k+9}
qé{zmsf
C%{Z(k+1]+l}3

{I+2+3+...+J¢;)+[k+1}{l{2k+I}E+(k+|}
Hence, 8
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, staterment P(n) is true for all natural

numbers i.e., n.

Question 19:
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Prove the following by using the principle of mathematical induction for allne N: n {(n +
1) (n + 5) is a multiple of 3.

Answer

Let the given statement be P(r), i.e.,

P(n)y: n{n + 1) (n + 5), which is a multiple of 3.

It can be noted that P(n) istrueforn =1sincel (1 + 1) (1 + 5) = 12, which is a
multiple of 3.

Let P(k) be true for some positive integer k, i.e.,

k (k +1) (k + 5) is a multiple of 3.

2k (k+13(k+5)=3m, wheremeN .. (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

(k+D)J(k+0)+1{(k +1)+5]

=(k+1)(k+2){(k+5)+1]
=(k+1)(k+2)(A+5)+(k+1){k+2)
:{k{ml]{“s]u(ml}{k +5}}-+-|:k+l)(k+2]

= 3m+(k+1{2(k+5)+(k +2)}

= 3m+(k+1){2k +10+k+2}

=3m+(k+1)(3k+12)

=3m+3(k+1){k+4)

=3{m+[.¢c +1)(k +4)}= Ixg. where g ={a31+(r’;+1)(k+4}} is some natural number
Therefore, [k+l]{(k+]j+]}{[ﬁr+ l]+5} is a multiple of 3.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 20:

Prove the following by using the principle of mathematical induction for alln e N: 10" ~1
+ 1 is divisible by 11.

Answer

Let the given statement be P(r), i.e.,
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P(n): 10* "'+ 1 is divisible by 11.

It can be observed that P(n) istrue forn =1 since P(1) = 10%*~*+ 1 = 11, which is
divisible by 11.

Let P(k) be true for some positive integer k, i.e.,

10%* -1+ 1 is divisible by 11.

210%"*+ 1 =11m, wherem e N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is frue.
Consider

1074 4

=10 ]

=107 +1

=107 (107 +1-1)+1

=107 (107 +1) =107 +1

=10°11m—100+1 | Using (1) |

=100x11m =99

=1 1(100m —9)

=11r, where r = (100m =9) is some natural number

Therefore, 107" 41 is divisible by 11,

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 21:

Prove the following by using the principle of mathematical induction for all n e N: x2" —
vE
Answer

]

is divisible by x + y.

Let the given statement be P(r), i.e.,

P(rn): x* — y® is divisible by x + y.

It can be ohserved that P(n) is true for n = 1.
2x] 2x1

This is so because x =y =x?-y?=(x+y)(x-y)isdivisible by (x + y).

Let P(k) be true for some positive integer k, i.e.,
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x%* — y?* is divisible by x + .

axck =y

=mix +vy), wheremeN.. (1)
We shall now prove that P(k + 1) is true whenever P(k) is true.
Consider

2 k+] A k+1]
B g2

i —r:.i . x: - :L-':i 'J"':

=x* (& -y + )y
=x“l'm{x+y]+_v”}—y” y [Using (l}]
=m(x+p)t+y* . —y*.y

=m(x+p)x*+y* (5" -57)

=m(x+y)x’+y* (HJ’)[FJ’)

=(x+y){mx’ + ™ (x-y)}. which is a factor of (x+¥).
TS, PUE+ 1) s Blus whariever POk s e,

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 22:

Prove the following by using the principle of mathematical induction for all n e N: 327 +2
— 8n — 9 is divisible by 8.

Answer

Let the given statement be P(r), i.e.,

P(rn): 32" *2 - 8n - 9 is divisible by 8.

It can be observed that P(n) is true forn = 1 since 32***2 -8 x 1 — 9 = 64, which is
divisible by 8.

Let P(k) be true for some positive integer k, i.e.,

3% %2 - 8k - 9 is divisible by 8.

23%%*2_8k -9 =8m, wheremeN .. (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
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302 _g(k+1)-9

=3*2.3" ~8k-8-9

=37 (3" -8k -9+ Bk +9)-Bk 17
=3 (377 -8k —9)+ 3 (Bk+9) -8k 17
=9.8m +9(8k +9) -8k 17
=9.8m+72k+81-8k 17

=0 8m+64k+64d
= 8(9m+8k +8)

= 8r. where r = (9m + 8k +8) is a natural number
Therefore, 31" —8(k +1) -9 is divisible by 8.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n} is true for all natural

numbers i.e., n.

Question 23:

Prove the following by using the principle of mathematical induction for alln e N: 417 -
14" is a multiple of 27.

Answer

Let the given statement be P(r), i.e.,

Pin):41" - 14"is a multiple of 27.

It can be observed that P(r1) is true for n = 1 since 41'-14' =27 , which is a multiple of
27.

Let P(k) be true for some positive integer k, i.e.,

41*% - 14%is a multiple of 27

241% - 14% = 27m, wherem e N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is frue.

Consider
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¢1§:+t__14h'+i
—41%.41=14* .14

=41(41" - 14" +147)-14" 14
=41(41' —14" j+4114" —14" 14
=41.27m+14" (41-14)
=41.27m+27.14"
=27(41m-14")

=27 xr, where i = [4 Ly = 14" ) 1% a natural number

kl

Therefore, 417" — 14" is a multiple of 27.
Thus, P(k + 1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 24:

Prove the following by using the principle of mathematical induction for all 7€ N:

(2n +7) < (n + 3)?

Answer

Let the given statement be P(n), i.e.,

P(n): (2n +7) < (n + 3)?

It can be observed that P(n) is true forn = 1 since2.1 + 7 = 9 < (1 + 3)* = 16, which is
true.

Let P(k) be true for some positive integer k, i.e.,

(2k + 7)< (k + 3024 (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider
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12(k+1)+7}=(2k +7)+2

220k #1)+7) = (2k+T7)+2 < (k+3) +2 [using (1)]
2(k+1)+T7 <k’ +6k+9+2

2(k+1)+7 <k’ +6k+11

Now, k*+6k+11<k” +8k +16

22k + 1)+ 7 < (k+4)

2(k+1)+7 <f(k+1)+3}

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.
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